
Analysis of individual resonance contributions to
two-channel scattering
S.A. Rakityanskya* and N. Elanderb

Introduction
This work was motivated mainly by recent developments in

quantum chemistry, more specifically, by studies of quantum
resonances in chemical reactions. Initially, the theory of quantum
resonances was developed by nuclear physicists, but nowadays
it has become an interdisciplinary subject and an example of the
unification of many branches of science.

The notion of a quantum resonance (which is also called a
quasi-stationary or quasi-bound state) emerged at later stages of
the development of quantum mechanics. Attention to such
states was drawn by George Gamow in his pioneering works on
the α-decay1,2 and then by Niels Bohr, who studied the energy
dependence of nuclear scattering and introduced the idea of the
compound nucleus,3 which is a relatively long-lived intermediate
state of the colliding system. Over the years, nuclear physicists
developed this idea into a rigorous theory and suggested various
methods for locating resonances.

The role of resonances in solid-state and chemical physics was
understood much later. Nowadays, it is clear that a full under-
standing of the properties of a quantum system and prediction
of its behaviour cannot be achieved without knowing its spec-
trum, that is, the energies of its bound states and resonances.
This applies even in technological applications. For example,
modern semiconductor devices, such as solid-state lasers, based
on nano-structures, cannot be properly designed without accurate
treatment of various transitions among stationary and quasi-
stationary states of the electrons and holes.

In quantum chemistry, the concept of short-lived transition
states have been used since the 1970s,4,5 but it was not until the
very end of the last century that combined experimental and
theoretical research could confirm their existence.6,7 Nowadays,
chemists actively discuss the so-called collision complexes. This

is precisely the concept of the compound nucleus introduced by
Bohr about 70 years ago.

The concept of a collision complex has recently been success-
fully used even in modelling the damage to DNA molecules
caused by radiation.8 The ability to analyse the resonance
contribution to chemical reactions may therefore have a significant
conceptual impact on chemistry, biology and even medicine.
Identifying short-lived, resonant, intermediate states in a
chemical reaction may make it possible to alter the outcome of a
particular reaction by using fast laser pulses which excite or
de-excite the intermediate states and thereby alter the reaction
paths.

The objective of our work is to find a way of estimating quanti-
tatively the contributions from each resonant state to the reac-
tion probabilities. This is achieved by decomposing the
scattering S-matrix in a sum of terms that represent individual
resonances. Such a decomposition is possible on the basis of the
Mittag–Leffler theorem of the complex analysis.9 As an example,
we consider a two-channel model and demonstrate how the
contributions of individual resonance poles can be analysed
using the Argand plot technique.

Quantum resonances: overview
Resonance states are formed when quantum particles collide

at certain (resonant) energies. Before moving apart, they stay
together for a while. During the resonance lifetime, the parti-
cles move around each other and ‘forget’ the direction from
which they came. Therefore, when the resonance eventually
decays, the particles ‘choose’ the direction to move away at
random.

In quantum mechanics, this physical concept is mathemati-
cally formulated as follows (see, for example, ref. 10). Resonant
states are spectral points (the particular energies mentioned
above), i.e. eigenstates of the Hamiltonian,

with pure outgoing-wave asymptotics (which means no
‘memory’ of the incoming information). In the simple single-
channel case, this means that the wave function describing a
spectral state obeys the Schrödinger equation,

with k2 = 2mE (the units are such that � = c = 1), and the ampli-
tude of the incoming wave (i.e. the coefficient of the
Riccati–Hankel function hl

( )− in its long-range asymptotics,

is zero,

This coefficient is called the Jost function. Spectral points,
therefore, are such points on the complex energy surface, where
the Jost function is zero. The probabilities of possible outcomes
of the collision are determined by the S-matrix, which is the ratio
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A quantum mechanical two-channel problem is considered within a
method based on first-order differential equations that are equiva-
lent to the corresponding Schrödinger equation but are more
convenient for dealing with resonant phenomena. Using these
equations, we can directly calculate the Jost matrix for practically
any complex value of the energy. The spectral points (bound and
resonant states) can therefore be located in a rigorous way, namely,
as zeroes of the Jost matrix determinant. For each pole of the S-ma-
trix, its residue can be calculated rather accurately, which makes it
possible to obtain the Mittag–Leffler type expansion of the S-matrix
as a sum of the singular terms (representing the resonances) and
the background term (contour integral). As an example, the two-
channel model by Noro and Taylor is considered. We demonstrate
how the contributions of individual resonance poles to the scattering
process can be analysed using the Mittag–Leffler expansion and
the Argand plot technique.



of the asymptotic coefficients,

and therefore has poles at all spectral points.
There are two types of spectral points: bound states and

resonances. Bound states lie on the real negative axis (see Fig. 1),
while a resonance energy,

has a negative imaginary part, which is called resonance width.
The width Γ determines how long the resonance lives. Indeed,
the probability of finding the system at any given place,

exponentially diminishes with time due to the imaginary part of
the energy. Another meaning of Γ is that it defines a window
around the collision energy Er, within which the resonance can
be excited.

Two-channel problem
All real problems in physics and especially in quantum chemistry

are multi-channel. This means that a collision of quantum
systems (molecules, atoms, nuclei, etc.) may result in many
different final products (channels),

Since our main objective is to study how the resonance poles of
the S-matrix manifest themselves in experimentally observable
collision data, we avoid unnecessary complications associated
with spins of the particles and with long-range Coulomb forces.
Furthermore, for the sake of clarity, we consider here a two-
channel system, although all the equations can be easily general-
ized for an arbitrary number of channels.

In the two-channel case with the threshold energies ε1 and
ε2 (below which the corresponding reactions are not allowed by
the energy conservation law), the eigenstate equation (1)
becomes a system of two coupled Schrödinger equations,

where k m En n n= −2 ( )ε are the channel momenta. To simplify
the notation, we dropped the angular-momentum subscript
of the wave function.

This system has two linearly independent regular (i.e.
nonsingular at r = 0) solutions, which can be combined in a
square matrix

Far away from the interaction region this matrix is a linear
combination

of the incoming and outgoing waves,

The combination coefficients f (in/out) (E) are called the Jost
matrices. Similarly to Equation (5), the S-matrix is calculated as

It can be shown (see, for example, ref. 11) that pure outgoing-
wave asymptotics is possible if and only if

which is a multi-channel version of the condition (4) that
determines the spectral points.

In refs 11–16, we developed a method for calculating Jost
matrices at any complex values of the energy E. Our method is
based on the coupled system of first-order differential equations,

where

and F E rin out

r

( / )( , ) .→
→ 0

1 The system (13,14) is equivalent to the

corresponding Schrödinger equation (7), but is more convenient
for dealing with resonant phenomena. This is because when
solved along a complex path in the r-plane (see refs 11–16),
Equations (13,14) give the Jost matrices, i.e.

This enables us to accurately locate the spectral points and
calculate the S-matrix for complex energies.

Spectral decomposition
The S-matrix gives a complete description of the collision

process. For example, the scattering cross section for the transi-
tion (with = 0) from channel n to channel n’, is determined by
the corresponding matrix element of S as follows

When resonances are well isolated from each other and
narrow, the cross section shows distinct peaks or other irregular-
ities corresponding to each individual resonance. If, however,
they are wide and overlap each other, the energy dependence of
the cross section is rather complicated due to intricate
interference of the resonances. Unfortunately, this is the case in
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Fig. 1. Spectral points for the potential (19) and the integration contour (enclosing
9 resonance poles) for Equation (18).



the majority of practical problems, which makes it extremely
difficult to infer the contributions of individual resonances from
the scattering cross section.

As a way of solving this problem, we suggest decomposing
the S-matrix in a sum of terms representing individual reso-
nances.The idea is based on the Mittag–Leffler theorem well
known in complex analysis.9 The theorem itself is rather general.
In plain words, it says that a meromorphic function can
be expanded in a sum of an entire function and a series of its
principal parts at all the poles. Practically, this can be done using
the Cauchy integral formula. Indeed, for a contour enclosing N
resonance poles the Cauchy formula reads

where E is a point inside the contour and Ej are the resonance
energies. Therefore, in the desired expansion,

the N selected poles are represented explicitly while the rest of
them as well as the background are taken into account via the
contour integral. Since we are able to calculate S(E) numerically
at complex E, the evaluation of its residues and the integral is
straightforward. In order to understand what role a particular
resonance plays in the scattering process, we can simply omit
the corresponding term from the sum (18) and analyse the
consequences.

Numerical example
As a testing ground, we chose the model proposed by Noro

and Taylor.17 Their two-channel potential

is of a short range and the threshold energies are ε1 = 0 and ε2 =
0.1 in the units such that m1 = m2 = �c = 1. Despite its simplicity,
this model has some features very common in quantum chemis-
try problems. In particular, the distribution of its resonance poles
on the complex E-surface is typical for molecular collision
complexes. In order to ‘upgrade’ this model to describe a realistic
system, one would only need to adjust the parameters and add
the Coulomb forces.

The spectral points we found (with = 0) for this two-channel
potential, and the integration contour for the expansion (18) are
shown in Fig. 1. As can be seen, the system described by the
potential (19) has four bound states and a string of overlapping
resonances. Nine of the resonances, which lie at the physically
accessible energies (i.e. above both thresholds), are enclosed by
the integration contour and therefore are represented in the
expansion (18) explicitly. Their parameters are given in Table 1.

As was expected, the cross sections have quite complicated
energy dependence (see, for example, the elastic cross section for
the first channel, shown in Fig. 2). Only the first extremely
narrow resonance can be unmistakably associated with the
irregularity shown on the second insert (for 4.765 ≤ E ≤ 4.775).
The influence of the other resonance poles cannot be derived
from this curve. This is the problem where the spectral decom-
position (18) may become a solution.

We obtain the S-matrix as a sum (18) of 10 terms, 9 poles and the
background integral.

Excluding the terms, one at a time, we can estimate their

respective contributions. The cross section (16) is a quadratic
function of the S-matrix, where the terms multiply each other
and thus make things rather complicated. We can avoid this
complication if we consider the S-matrix itself.

When the collision energy increases, the points representing
the elements of the S-matrix in the complex plane, move along
certain curves which are called the Argand plots. Figure 3 shows
how the first-channel element of the S-matrix moves when the
energy changes from 0.5 to 20.

It can be shown (see, for example, refs 18, 19) that, in the
absence of resonances, Argand plots always move in circles in a
clockwise direction. The resonances force them to change
direction and make anti-clockwise loops or arcs when reso-
nances are wide. An example of a closed anti-clockwise loop that
corresponds to the first very narrow resonance, can be seen in
Fig. 3.
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Table 1. Nine resonances enclosed by the integration contour shown in Fig. 1.

Er Γ

4.768197 0.001420
7.241200 1.511912
8.171217 6.508332
8.440526 12.562984
8.072643 19.145630
7.123813 26.025337
5.641023 33.070140
3.662702 40.194674
1.220763 47.339350

Fig. 2. Energy dependence of the elastic scattering cross section in channel 1 for
the potential (19).

Fig 3. Argand plot of S11(E ) in the energy interval from E1 = 0.5 to E2 = 20. The dots
on the curve indicate the points corresponding to E = 1, 2, 3,....



When we exclude the term corresponding to this resonance,
nothing changes except that the loop disappears. When the
second pole is excluded from the Mittag–Leffler expansion (18),
the arc in the energy range between 6 and 9 disappears (see
Fig. 4). We therefore can conclude that in this energy range the
second resonance is dominant. Similarly (see Fig. 5), the third
pole determines the energy dependence in the range from 9 to
15. The other resonance poles are too far from the real axis and
have only collective influence. When all 9 poles are excluded,
the Argand plot becomes purely non-resonant (Fig. 6).

Although this model might look artificial, the spectrum of
resonances generated by the Noro and Taylor potential is similar
to the spectra of some real atomic systems. For example, the
existence of a string of overlapping resonances that starts with a
narrow one, is a feature that characterizes the charge-transfer
reaction N3++ H → N2++ H+ (refs 20–22).

Conclusion
The Jost function as well as Jost solutions of the Schrödinger

equation are indispensable parts of any textbook on quantum
scattering theory. However, after reading even a comprehensive
text on this subject, one usually gets a feeling that the Jost func-
tion is a pure mathematical entity, very elegant, very useful in
formal theory, but impractical for solving real physical problems.
This is because none of the textbooks offers the reader any practi-
cal method for calculating the Jost function. The equations used
in this paper fill the gap between mathematical theory of the Jost
functions (which are matrices in the multi-channel case) and
their practical applications.

Using these equations, we can directly calculate the Jost matrix
for practically any complex value of the energy. The bound and
resonant states can therefore be located as zeroes of the Jost
matrix determinant. The possibility of calculating the residues of
the S-matrix at its poles enables us to obtain the Mittag–Leffler
type expansion of the S-matrix as a sum of the singular terms
(representing the resonances) and the background term
(contour integral). The contributions of individual resonances to
the scattering process can be assessed by omitting the corre-
sponding terms from the Mittag–Leffler expansion and examin-
ing the effect of the omission on the Argand plot of the S-matrix.

The analysis of the Noro and Taylor model, given in this paper,
demonstrates the effectiveness and accuracy of the proposed
method. With the inclusion of the Coulomb forces and some
numerical modifications, this model can be applied to

charge-transfer reactions like N3++ H → N2++ H+ (refs 20–22) and
others. Owing to an extremely high Coulomb barrier, the rela-
tive energy (~meV) at which these resonances appear could
never be achieved in collision experiments. A new idea is to
observe the collisions between particles moving in the same
beam, so that their relative kinetic energy is very low. Electro-
static storage rings for this purpose are currently being built. For
example, the ‘Desiree’ project in Stockholm is planned to have
the possibility of merging a stored, multiply charged ion beam
with a beam of neutral atoms. Similar experiments are also
planned at other facilities.

Of course, the range of possible applications of the proposed
method is much wider than the Noro and Taylor model. Our
equations can easily be generalized for an arbitrary number of
channels and thus used in various fields of quantum physics
where the collisions are non-relativistic. For example, the same
approach could be useful in analysing the resonant properties of
semiconductor nano-structures as well as low-energy nuclear
reactions. In all such problems the combination of the
Jost-matrix method with the Argand plot technique would
produce accurate and reliable results.

This article is based on a talk given at the 50th Annual Conference of the South
African Institute of Physics, held in Pretoria, 5–7 July 2005.
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Fig. 4. Argand plot of S11(E ) with the second pole excluded. Fig. 5. Argand plot of S11(E ) with the third pole excluded.

Fig. 6. Argand plot of S11(E ) with all nine poles excluded.
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A technique for evaluating species richness maps
generated from collections data
M.P. Robertson and N.P. Barker

Introduction
For many groups of organisms, the biodiversity of southern

Africa is poorly documented, both in terms of taxonomic compo-
sition (alpha diversity) as well as taxon distribution (beta diver-

sity). The plants are among the better-understood groups, and
the documentation and management of southern Africa’s plant
diversity is currently under way.1 However, this exercise is
hampered by a taxonomic impediment caused by the lack of
young taxonomists to replace older specialists as they retire, the
freezing of research posts in museums and herbaria, and a general
lack of interest in, and funding for, fundamental taxonomic
studies that form the basis of biodiversity science. In southern
Africa, this impediment is being addressed through a recently
completed SABONET project,2–4 as well as by the establishment
of the South African Biosystematics Initiative.5

However, even assuming that the taxonomic impediment is
addressed, taxonomists still rely on specimen and collections
data, and for at least some groups our understanding of the
diversity in terms of ‘what is found where’ may also be limited
by a ‘collection impediment’: there is simply not enough pre-
served material upon which decent taxonomic studies can be con-
ducted. Despite substantial efforts, large areas of southern Africa
remain poorly collected and under-represented by holdings in
the main herbaria and museums. The animal and fungal king-
doms contain major groups about which almost nothing is
known.6–8 Similarly, there is limited computerized distribution
data for determining the diversity of specific areas.

Databases that contain plant or animal biodiversity data are
extremely valuable and are increasingly being used for setting
conservation priorities.9–12 Capturing collections data into data-
bases is a funding and staffing priority in museums and herbaria,
and is currently being actively promoted through the recently
launched South African Biodiversity Information Facility.13 The
information contained in these databases has been referred to as
collections data14 and these are increasingly being used in
biodiversity studies, largely due to easier access through the
internet.9–12

Collections data are used to predict species distributions using
correlative models,10,14,15 and these are often used as the basis for

There is considerable pressure on conservation planners to use
existing data from herbarium and museum collections for planning
and monitoring, despite the weaknesses of such data. It is thus
important to be able to assess the quality of this information. One
application of these data is the production of species richness
maps. However, sampling effort is generally not consistent
throughout a region for maps generated from collections data, and
it is thus desirable to identify geographic grid cells (such as quarter
degree squares: QDS) for which there has been low sampling effort.
We describe a technique that can be used to identify QDS that
are likely to have low species richness that is due to insufficient
sampling effort rather than to low actual species richness. The tech-
nique exploits relationships between climate and species richness
to detect QDS that are poorly sampled. This approach offers advan-
tages over the current practice of applying a single threshold
across the entire map region to detect QDS that are poorly sampled.
Here we report on the application of our technique to plant species
richness data in the PRECIS database. Results reveal that the
majority of QDS in the Flora of Southern Africa region can be
considered to be poorly sampled, even when using conservative
thresholds for richness values. The advantages and weaknesses of
the technique are discussed and issues requiring further investiga-
tion are highlighted.
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