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Abstract

We show that the introduction of components, in the Jost function, that
create new bound states while leaving the S-matrix unchanged, generates
potentials behaving as » 2 at large distances. We demonstrate that the modified
Jost functions can be obtained by applying two successive supersymmetric
transformations to the original potential. We further show that transparent
potentials, with S, (k) = 1, can also be obtained by successive supersymmetric
transformations. They are characterized by the property that their SUSY-
2 partners resemble centrifugal barriers. Finally, the relation of these
transformations to the asymptotic normalization constants of the inverse
scattering problem is discussed. We show that the two supersymmetric
transformations that remove a bound state provide a potential which is the
same as that obtained via the Marchenko inverse scattering procedure, when
the asymptotic normalization constant is set to zero.

PACS number: 1130

1. Introduction

The quantum mechanical inverse scattering problem was formulated a long time ago (see, for
example, [1, 2] and references therein). For the class of central potentials V (r) satisfying the
integrability conditions

/Oor|V(r)|dr < 0

° (1
/ V(@r)dr < oo b>0

b

it is well established that the knowledge of the corresponding scattering phase shifts, i.e. of
the S-function Sy (k), at all energies for a fixed angular momentum ¢, allows the reconstruction
of the underlying potential which, in the absence of bound states, is unique [3]. When the
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potential supports bound states, its determination also requires knowledge of the bound state
energies and of the corresponding normalization constants.

In this work we shall address a peculiar aspect of the inverse scattering problem, namely,
the possible existence of ghost components in the Jost function, i.e. components that leave the
scattering matrix unchanged, and their consequences on the scattering potential. We recall
that the S-matrix is defined by the ratio

Fo(=k)

Se(k) = F

2
where Fy(k) is the Jost function which contains the physical information. Thus, for example,
the zeros of the Jost function in the upper complex k-axis correspond to bound states, while
its knowledge at other points of the k-plane can provide us the phase shifts (real k-axis), the
resonances (zeros in the fourth quadrant), etc. In contrast, the above definition of the S-matrix,
can introduce spurious or unphysical features. A pole in the S-matrix, for instance, could be
attributed to a zero of the Jost function F;(k) or to a pole of Fy(—k). In the former case,
the pole in the S-matrix is a genuine physical bound state while in the latter, it is spurious.
Moreover, equation (2) suggests that ghost components in the Jost function could be introduced
by multiplying the Jost function with a real even function of k with the constraints that (a)
the Jost function must asymptotically go to unity as k — oo and (b) it is analytic in the
upper half k-plane in order to preserve the analyticity properties of the Jost function. It is
interesting to investigate the new class of phase-equivalent potentials generated by such a
modification.

The present paper deals with this new class of potentials. In section 2 we give an explicit
expression of the Bargmann ghost components and we calculate the corresponding transparent
potentials and regular wavefunctions. In section 3 we present some analytical examples for
transparent potentials. In section 4 we generalize the derivation of phase-equivalent potentials
to a non-zero potential. Our conclusions are drawn in section 5. Some mathematical details
are shifted to appendices A and B.

2. Construction of transparent potentials

As mentioned above, the ghost components, henceforth denoted by F, ZG (k), must asymptotically
go to unity. Assuming that they may be represented by rational functions

Ng

k + iy,
Féw =1+ T Yebere 3)

n=1
the Ng parameters b,s must satisfy b, > 0 in order to preserve the analyticity of the Jost
function in the upper half k-plane. By definition F, EG is real and thus

Ng

k+iy, 8k —iy,
FGk = g . 4
¢ ® IIk+ibn nI:IIk—ibn @

n=I

From the analyticity of FZG we have b, = 0 for all n. On the other hand, iy, and —iy, are
roots of FZG(k) = 0. Hence, Ng must be even, N¢ = 2N, and the ghost component can be
written as

N

k2 2
FOU =] ;2’/" . (5)

n=I
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At this stage we would like to emphasize that the introduction of a ghost component, in the
Jost function, introduces a bound state (a zero of the Jost function) which does not manifest
itself in the S-matrix, which is directly linked to experiment. Since the phase shifts remained
unchanged, Levinson’s theorem, §(0) — §(co0) = Npmw, with Ny being the number of bound
states, is no longer applicable and one expects a new potential, not belonging to class I,
characterized by the integrability conditions (1), and at least as singular as 1/r% at short
distances. For such potentials it was shown long ago by Swan [4] that one may have s, in
phase shifts, which are not associated with bound states.

Note that the constraint (b, real) can be released. The case where the Jost function may
have spectral singularities at the points k = £b has been investigated by Kurasov [5] and will
be briefly discussed at the end of section 4.

The potentials associated with the transformed Jost function can be extracted from the
potentials in the Faddeev class induced by

N

K+,
=1l

within the framework of the Marchenko theory. According to Kurasov’s [6] conjecture, the
limit as € goes to zero, would produce the desired potentials and regular solutions.

However, this procedure becomes rapidly intractable as the number N of components in
(5) increases, and we have used the following theorem:

Theorem. Let V(r) be a potential which, in the £-partial wave, supports N bound states,
of energies E, = —hzynz/Zm (n =1,...,N), and depends on N asymptotic normalization
constants C,, associated with the energies E,, and defined by

¢, ' = / " e, P dr (6)
0

where r; denotes the regular solution of the Schrodinger equation at k = iy, which satisfies
the boundary condition

111% Velk,r) Q0+ D1/ r = 1. (7)

When one of the normalizations, say C), tends to infinity, the potential becomes singular at
the origin behaving like 2(2€ +3)/r? and the original Jost function is multiplied by the factor
of kK2 / (k* + yg) which cancels out the ghost component.

A proof for this theorem is given in appendix A. The resulting Jost function

N k?
Fra(k) = 5—— Fu(k) ®)
kK +y?

has behaviour that corresponds to the (£ + 2)th-partial wave. This transformation of the Jost
function, equation (8), is equivalently the result of the product of the supersymmetric (SUSY)
transformations 7} and 73 of Sukumar [7]. Transformation 7} changes the Jost function by the
multiplicative term k /(k —iy,) and increases £ to £+ 1. Similarly, 73 changes the Jost function
by the multiplicative term k /(k +1iy),) and changes ¢ to £ + 1 (for details see [7]). We note that
the construction of phase-equivalent supersymmetric potentials, with a 1/72 singularity at the
origin and which have the same behaviour at infinity as the original potential, was suggested
some years ago by Baye [8].
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When the above transformation, equation (8), is applied successively for all energies of
the discrete spectrum, it leads to the transformed Jost function

N 2

- k
Fuan®) = [ 1775 Feld. ©)
n=1 n

For the transparent potential generated by (5), the final Jost function is F, 2n (k) = 1. It can
be produced by the centrifugal barrier of the ¢ + 2N partial wave,

Wean(r) = (L +2N)(L+2N + 1)/r%. (10)

Remembering that we are dealing with potentials in the £-wave, the £-wave effective potential
that generates the Jost function Fypy (k) = 118
(L+2N)E+2N+1)  €(+1) 2N@2L+2N+1)

Vo(r) = e e "

(11)

Therefore, we have to determine the family of potentials, depending on N normalization
constants Cy, C», ..., Cy, such that when all normalization constants are put to infinity
we recover the potential Vj(r). One way to proceed is to apply successively N times,
the supersymmetric transformations 7, and 74 of [7], to the centrifugal barrier W,y (7),
equation (10). Indeed, the 7, and Tj transformations, with the appropriate parameter y,,
introduce, successively, the multiplicative factors (k — iy,)/k and (k +iy,)/k in the Jost
function while reducing the angular momentum from £ to £ — 1 each time. However, an easier
way to proceed is to resort to inverse scattering methods.

To determine the aforementioned phase-equivalent potentials, we employ the Marchenko
inverse procedure. The normalization constants M, involved in the Marchenko theory are
known to be inversely proportional to the C,s [1]. Thus, the infinite values of C,s correspond
to zeros of M, s, which is much easier to handle numerically. In what follows we shall briefly
recall aspects of the Marchenko method.

We assume that the underlying potential V; (dropping temporarily the previous definition
(11)) satisfies the integrability conditions (1). The corresponding Jost solution feo (k, r) satisfies

d? L +1)
mflo(k’ r)+ <k2 — Vo(r) — 3 ) feo(k’ r)y=20 (12)
and has the asymptotic behaviour
Dk, ry — itelr. (13)
Assume that V; supports n bound states, E, = —h> ¥2/2m. The corresponding normalization
constants involved are given by [1, 2]
1 = 0 2
V}? = /0 o Gy, r)=dr. (14)

We want to derive a new potential V having the same spectrum as Vj, but different in the
normalization constants. Let M, be the new normalization factors. We may then construct the
kernel Ay(r, t)

N

Ao(rit) ==Y (My — M) £ (Vus 7) £ s 1) (15)

n=1
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which behaves like 7**! and t**! at » ~ 0 and ¢ ~ 0, respectively, and decreases exponentially

for large t. One defines the new kernel

N
A1) ==Y (My = M) folyu, V[ ) £ 27 (16)

n=1
which satisfies

92 L+l 92 +z(e+1)
ar? r2 ar? 12

) A(r,t) = (V(r) — Vo) A(r,t). (A7)

The corresponding Jost solution is given by

oo
folk, )y = 2k, 1) +/ A(r, s) f2(k, s)ds. (18)
Since A(r, t) decreases exponentially as t — oo, the function f;(k, ) is a solution of
d? L +1
— folk,r)+ [ k> =V (r) — Shld) Jetk,r) =0 (19)
dr? r2
provided that
d
V(i) — W) = —2d—A(r, r). (20)
r
Furthermore, one can show that
oo
A(r,t) = Ao(r, t)+/ A(r,s) Ap(s, t)ds t>r. 21

According to (21), A(r, t) has the same behaviour as A (r, t) at short distances r, i.e. ~r1.

Furthermore, since feo(k, r) ~ r~f for r ~ 0, the integral in equation (18) converges for
r — 0, and has an r2 behaviour. Therefore, for small r the behaviour of fe(k, r) is dominated
by that of fzo (k,r) (i.e. like r—*) and the Jost function F(k),

Fo) = tim (22)

=lim ———— T
¢ r—0 (20 — DI 7°

is then equal to the original Jost function F, 40 (k). Moreover, one can show that the normalization
constants M, are given by

1 o0
= fo Fuliyn, )2 dr (23)

while the regular solution ¢ (k, r) of the Schrédinger equation is given by

Vielk, ) = S [Fe) ful=kor) = (=1 Fu=h) futk, )] (24)

and satisfies (7). The constants M,, are inversely proportional to the ‘standard’ normalization
constants C, obtained from (6) and (7), i.e. from ¥, (k, r). Their explicit relation is given by

(1]

L M, (—)* : dF(k)2 (25)
" sy \dk !

k=iy,

in terms of Fy(k), the Jost function for the potential V.
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For the starting potential Vjy, equation (11), all the MS are identically zero. Adding to Vj
the £-wave centrifugal term we obtain the potential Wi,y (7) since

Vo(r) + £+ 1)/r* = (L +2N)(L +2N + 1)/r%.
Therefore, the functions fZO (k, r), denoted as in [1] by we4on (kr), are given by

. wkr
wean (1) = (=) == Hiyap() (26)

in terms of the Hankel function H" of the order of v and of the first kind. At infinity we have
the usual asymptotic behaviour wy,oy (kr) > i“*N exp(ikr).

The required potential associated with (5) is constructed using equations (15), (20) and
(21). The solution of the Marchenko equation can easily be obtained numerically or by using

the method described in appendix B.

3. Examples

Consider first the case with N = 1. We may set for convenience y = yy, C = Cy,
M = My = (=) y*?f/C, to obtain the simple expression (see appendix B)
d? 212¢+3
V(i) =-2—In(G) + ¥ 27
dr? r2
with

G=1+ rwy,, (iyr)? — wh, (y P wea(yr)

(_)Z J/2+2£
S|

+(€+2)(£+2+1))] 28)

—rw?,,(iyr) ()/2 =
where the symbol prime denotes the derivative with respect to . From equation (18), we
obtain for k # iy the Jost solution

(=) " wen (iyr)

Jek,r) = wep(kr) — GO+ i)

[Whao kP wea(iyr) — weakr)w),, Gyr)]

(29)
and for k =iy

feQy,r) = wen(iyr)/G. (30)

The Jost solution (29) and (30) behaves at infinity like it*? exp(ikr). Remembering that it

is a Jost solution for the ¢-wave, the Jost solution to be considered, correctly normalized at

infinity according to (13), is, in fact, — f;(k, r). The corresponding (to — fy(k, r)) regular

wavefunction is given by (24). Taking into account the relation f;(k,r)* = (=) fi(—k,r),

we obtain for k # iy

(=)' (kK +y?)
k£+3

Yok, r) = Im (fe(k, 7)) 3D

and thus
4

1 . . .
Yotk r) = =5 Im [C),/—quz(l)/r)(w2+2(k”)wl+2(lyr) — weaa(kr) w),(iyr)

+(=) (K + y2>wm(kr>] (32)
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whereas for k = iy

. . We2 (Y1)
Yely.r) =ity =2 (33)
For the ¢ = 0 partial wave we find that the potential is given by the explicit expression
N
V() =2 « (34)

(6 + 12yr +6y2r2 +y3r3 +2Cr3 exp2yr))

with

N () = 72y% = 72Cr expyr) + 108y r — 144C expyr)yr? + 72y*r?
—192C exp2y r)y*r’ +24y°r* + 12C? exp(dyr)r
—132C expRyr)y  r* +3y5r* — 48C expyr)y* r® — 8C expyr)y°rS.

(35)

We note that the SUSY-2 partner of V, obtained from equations (34) and (35) at the limit
C infinite, is 6/r2, i.e. it has the behaviour of the £ = 2 centrifugal barrier. For £ # 0 its
behaviour is 2(2¢ + 3)/r2. The Jost solution is then given by

exp(ikr) |: 22 A
k,r)y= 2C 2 k“r< +3ikr — 3
T = i aer expyr + D) | € SPErTr ki 3k =3
k - i7/ 2 . .
+ — (D(Mk“+3iyR+yr)(k2+yr) +iy)) (36)
k+iy
where
D(r) = 6+ 12yr + 6y + 7. (37)

It is noted that for r = 0 we obtain the required result f(k, 0) = F (k) = (k* + y?)/k>.
Finally, the regular wavefunction is given by

k% + y2 .
Yk, r) = BaCT ep@y ) T D0 (2Cr expRyr)(3kr cos(kr) + (k*r? — 3) sin(kr))
+(3Y2 Q2 +yr) — DK sin(kr +u) — 3yk2 + yr)? cos(kr +u)) (38)
where
. (v +ik)?

We note that ¥ (k, r) satisfies the proper condition at the origin

d
SV k=0 =1. (40)
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4. Generalization

Up to now we have dealt with phase-equivalent potentials for which the Sy-matrix is unity. In
this section we shall investigate phase-equivalent potentials, starting from a non-zero potential,
and show that the previous procedure can be extended, in a straightforward way, to cases where
Se # 1.

In line with the previous discussion we have to construct the potential, and the
corresponding Jost solution which satisfies the property Fraon (k) = F,(k). When F,(k) = 1
the total potential (potential + £th centrifugal barrier) and the Jost solution were the centrifugal
barrier for £ + 2N and w4y (k7), respectively. In the general case, however, we need an
explicit construction of both the potential and the Jost solution. For this we shall use the
procedure described in [1] by increasing ¢ while leaving the Jost function unchanged. We
first assume that the Jost function F(k) has no zeros on the positive imaginary axis, i.e. the
corresponding potential V () does not support any bound states. Let f(k, r) and ¥ (k, r) be
the corresponding Jost and regular solutions, respectively, normalized according to (13) and
(7) for the energy E = h*k?/2m. Since V (r) has no bound state, the regular solution at zero
energy, labelled vy (r), never vanishes except for r = 0.

Following [1] we introduce

Sk, r)Yro(r) — f (k, ) (r)
kro(r)

where the symbol prime denotes the derivative with respect to r, and

Yk, )y (r) — ¥ (k, 1) Yo(r)

fPk,r) =

k %0 1)

vk, r) = o) k£0 w)
or, equivalently,
m _Jo ¥k, x) Yo(x) dx
vekn = Yo(r) ' (43)
From (43) we have
ro2
0y = Jo Vo) dx. w

Yo(r)

The functions 1V (k, r) and ¥V (k, r) can be obtained by solving the Schrodinger equations
for the (€ + 1)th partial wave, with the potential

d? K/fo(r))

Vi) =V@r) — 2d7 In < ] (45)

Note that £ and ¢ are correctly normalized according to (13) and (7). Indeed, in the
absence of bound states at zero energy, the function ¥y (r) behaves like 7**! at the origin and
infinity. Consequently,

Py L) o o

and ¥V, as defined by (43), is properly normalized at the origin. As expected
Q0+ 1!

(e8] ~ =
f (k’ r) - (—kr)“l

Fy (k)

in the vicinity of zero.
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As an example we consider the Jost function for the s-wave

k+1ia
F(k) = b>0. 46
© =+ ~ (40)
The corresponding potential is
—2b
V(r) = —gp? P20 47)

(1+ Bexp(—2br)?)
and the Jost solution
wr kK +1b + B exp(—=2br)(k — ib)

k,r)= - 48
Jk ) = e p exp(—2br)) (k + 1b) %)
where B = (b — a)/(b + a).
Applying the transformation (41) twice, we obtain, after some algebra,
Yo(r) 1
fOU ) =—flk,r) = —5-— fP k1) (49)
kg (r)
which satisfies (we keep the ¢ dependence for the sake of generality; in our example £ = 0)
d? L+2)(£+3
rRAGEOR: (kz -V - %) [Pk, r)=o0. (50)
r
The new potential is given by
d? " Yo(x)? dx
V@) = V() - 295 <—f° T : (51)
For £ = 0 and for the Jost function (46) we have
d? b h(br) — sinh(b
VO = 25 1n (4P (cosh(br) + g sinh(br)) + 3x(1 — g2 2 coSn(br) — sinh(br)
dr? b33
(52)
and
[Pk, r) = —{fk,r)[(* = Dy +3igx(ig + xy) (1 + y*)]
—3ig(y —1)(ig + xy)? exp(ikr)}
x{y*(6*q*r +3qx (1 — ¢*)(br — tanh(br))/(1 +q tanh(br))}*1 (53)
with f(k, r) given by (48) and
=2 _k =1+b (54)
q= b y = 5 x = qr.

For r close to zero, x ~ 1 + 3bgr. Thus

f(z)(k, ) ~ 3b.qr(iq +y) _ 3 k+'%a.
y2(i+ y)b3riq (kr)? k+1b

In general, and for a non-zero starting potential, phase-equivalent potentials can be obtained by
substituting the functions f“**V) for wy,,y and by replacing the potential V,(r), equation (11),
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by VE2M () + Vy(r). For N = 1 we obtain the phase-equivalent potentials, labelled
Vﬁnal (r)

2 . 2(2¢+3
Vina (r) = —2— In(G) + VO (r) + 228+3) (55)
dr2 2
where
- o0
G=1 +M/ fP Gy, 1)*dr. (56)

For the potential (47) and for £ = 0, M = y*(b+y)?/(C(a+y)?) and thus one finally obtains

d2
Vﬁna](}") = —2d7 InD

2
D= 26%&” (3@ + B) +3(1 = @) (f- () ¥ + £o(r)) (57)
+D(r)g* @ + B ) +3Y° (1 — ) (f-(w)e™ +n” fu(w))
where D(r) is given by (37) and
2+ yr a b—a b—y
_rrr i = = 58
v y 9 b p b+a 1 b+y (58)
while fi(x) is given by
+1+bx(1 £+ q) + b’g x>
fr(x) = 3 . (59)
When g =a/b =1 (B = 0) we are left with
d2
Vina(r) = —2-— In (2Cr’e®” + y°r’ + 6y%r* + 12yr +6) (60)

dr?
and we recover the transparent potential equation (34).
The Jost solution for Vf,, (r) and for £ = 0, once correctly normalized at infinity, reads

fina(k, 1) = —[f“) (k,r) (1 +M / N fay, 0? dr) - @Gy, M / N flk,t) fy,t)dt

Yo(r) fVGy.r) fOGy,r) . FOk,r) =
—MI//(gl)(r) 1)/ (f(k, I’)T — f(l)/, F)T> }/G

(61)
with G being given by (56).
For the Jost function (46) and £ = 0 we have
Sina(k,r) = e (62)

k2D(r)
with

@+¥)? 2 [ 2,25 (oer , gk —ib 3 : : 2br
A=2C(b+y)2ey qgkr|e +ﬁk+ib +E(1—q)(k—1b)(k+1a)(1—e )

2br k—ib
+3 <F_(r)e +EB )}
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k— iy 2ol Lk —ib
DMk r
k+iy [ (kg <e M

+

3)/3 . . 2 2br
o5 (1 —q)k —ib)(k +ia)(n~ —e™")
k —ib
+3y° (F_(w)ezh’ + F . (w)Bn* P ilb ) } (63)

where D is given by (57) and

x(k £ kg +ibq)(k £ kq +ibg + bkqx)
b? '

Fi(x) =

The function fj,. (k, r) is normalized at infinity according to (13). Forr = 0(w =2/y, D(r =
0) = 6) we obtain finu(k, 0) = (k2 + ¥y (k + ia)/(k*(k +ib)). Whena = b, ie. forqg = 1,
B = 0 we recover the Jost function equation (36).

The previous construction assumes that the starting potential has no bound state. When
the potential indeed supports a bound state, i.e. when the Jost function is given by

k —ia

F(k) =
) k+1b

b>0 (64)

then the introduction of a unitary factor leads to the Jost function (46) from which we construct
fiinal (k, r) and the corresponding regular solution v, (k, 7) via equation (24). Using, then,
the Gel’fand-Levitan formalism we obtain the potential

2 r
V) = Vi)~ 2 (1 +C, f Yina(ia, 1) dr) (65)
0

in terms of the normalization constant C, of the bound state —a?h2/2m.
When the ghost component is allowed to have spectral singularities at the points k = +b,
for example, if we consider
G k* +y?
we can apply the previous procedure. For instance, the transparent s-wave potentials, generated
by (66), are obtained as follows. First, we construct the function

_exp(ikr) [(k — b)> X* — (k +b)> +4bX (k +ir(b* — k)]
k2 — b2 (X2 — 4ibrX — 1)

fP%,r) = kb (67)

where X = exp(2ibr). For r close to zero, it behaves like 3/(r?(k*> — b?)). Then applying
(55) and (61), we find the potential

d? ,
V(r) = _ZF In(D?)
D’ = (sin(2br) — 2br)(b* — 66>y + y* + 2y Ce*")

+ (cos(2br) — 1)(dby (¥ — b%)) — 8b°y (1 +2yr)
which behaves asymptotically as —8b? sin(2br)/(2br).
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The associated Jost solution reads
exp(ikr) N®

fen =5 =

NP =2y Ce?" [(k — b)? X* — (k + b)* + 4bX (k +ir(b* — k*))]

k- i;/ [(b+k)2(b+ip)* — X2 (b — 20k —ip)*

k+1
+4ibX (b + )y (k> — b*) + (b* + y?) (ik — r(b* — k?))]
Db =2y Ce?"(X? — 4ibrX — 1)

—[(b+iy)* — X2(b —iy)* +4ibX (B* + yH) 2y +r (B> + ).

5. Conclusion

The supersymmetric (Darboux) factorizations have elucidated several aspects of effective
interactions, especially those related to deep potentials and of their shallower SUSY partners.
The SUSY transformations together with the inverse scattering problem at fixed angular
momentum, inherently related to them [7], provide us with various classes of phase or phase and
spectrum-equivalent potentials. In the inverse scattering method of Marchenko, for example,
the basic input is the S-matrix whose poles can be interpreted either as bound states, i.e. zeros
of the Jost function, or as stemming from the poles of F;(—k). When all poles of the S-matrix
are considered as being poles of F(—k) the resulting potential is then the shallowest, phase-
equivalent, SUSY partner. This latter potential is unique and can be obtained by setting the
asymptotic normalizations, present in the Marchenko fundamental equation, equal to zero.
Alternatively, if we consider that some of the poles correspond to genuine bound states, we
may apply successive sets of SUSY transformations to remove the non-physical states [8].

We note that once the spurious (non-physical) states are removed the potential behaves as
2N (2N +2£+1)/r? atshort distances, N being the number of spurious bound states eliminated.
This repulsion at the origin is due to the definition of the SUSY potentials, which involves the
logarithmic derivative of the regular wavefunction in their structure.

In this paper we have investigated yet another aspect of the inverse scattering problem
or, equivalently, of supersymmetric transformations. This is related to the introduction of
ghost components in the Jost function, i.e. components which, although present in the Jost
function, cancel out in the S-matrix and thus are not apparent in any way in the experimental
data. The ghost components do provide zeros in the Jost function and one would normally
expect that these would result in bound states. The fact, however, that these states are not seen
by experiment, suggests that the associated family of phase-equivalent potentials supports
non-physical bound states. When each spurious or non-physical bound state is removed, by
setting the corresponding normalization constants in the Marchenko equations equal to zero,
the correct interaction appears as the unique shallow SUSY partner.

In this paper we have considered two distinct cases related to the ghost components, which
are assumed to have the form of a rational function. The first case arises when the S,-matrix is
equal to unity for all momenta. The resulting new transparent potentials are of the Bargmann
class. In the second case, the starting S,-matrix is different from unity. In both cases a new
class of phase-equivalent potentials can be constructed, for each angular momentum, having
the same behaviour at the origin as the original potential but characterized by a long-ranged
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tail, i.e. an asymptotic behaviour in 2N (2N +2¢€ + 1) /r2, according to the number N of ghost
components introduced.

A final remark should be made concerning the role of £ and the actual angular momentum
of the system. As a result of our transformation there is a shift of the partial wave from ¢ to
£ +2 for example, and many of our expressions indeed suggest a change of angular momentum.
This is deceptive as we are dealing with the radial Schrodinger equation and the construction
of ¢-dependent phase-equivalent potentials which must be referred to the same partial wave
and have the same phase shifts within this specific £. Keeping this in mind, we should be
careful not to interpret the appearance of a repulsive singularity 2N (2N +2¢ +1)/r? in SUSY
partners as a change of the angular momentum of the system.
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Appendix A. Mathematical details

To prove the theorem of section 2, we use the Gel’fand—Levitan equations to change the
normalization constant C), into some value C. The regular wavefunction v, (k, r) fulfilling
the Schrodinger equation

d? L +1
@wwm(kz—vm— (; ))Mk,r):o (A1)

with
Qe+ D! 1in(1)r—‘—11/fe (k,r)y=1 (A2)

transforms into (see [1], equation (IV.2.2))

(C - Cp)lﬁz(il/p, V)
1+(C = Cp) [y ¥iGyp x)dx

Velk, r) = ek, r) = /0 Ve(k, x) e (iyp, x) dx. (A3)

where

o 1
/ vy, r)?dr = —. (A4)
0 Cp
When C is finite, 1/, behaves like r¢*! at the origin. This is no longer the case for C
infinite.
Indeed, let us consider the Volterra equation

£+1

r 1 r r6+1 r/L’+1 , 5 , ,
Velk,r) = (2“1)”+2£+1/0 (7— p; )(V(r)—k)W(k,r)dr. (A5)

When V (r) is such that at the origin V (r) = V (0)4+rO(r), replacing ¥, (k, r') by r'**! /(2£+1)!!
in the integral involved in (AS), leads, when r ~ 0, to

r(+1 r2 )
vk ) = o <1+ 20i+n O~k )>' (AB)
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Introducing (A6) in (A3) we obtain

7 r“l £+3
k,r)=———+0 . A7
Yk, 1) aern ™) (A7)
When C — oo we have
7 rte 2, .2 45
W(ka")z—m(k +J/p)+(9(r+) (A8)

and the regular wavefunction has behaviour corresponding to angular momentum £+2, provided
the corresponding potential is finite at the origin.
Let us elaborate on this change of angular momentum. First, we introduce

. Yok, 1)/ (K + ) k # iy,
W+2(k, l") = hrr; 'S”K(k r)/(kz + Vp) k = iJ/p. (A9)
k—iy,
This renormalized function satisfies
QUE+2)+ D! }%r—f—z—‘&&(k,r) =1 (A10)

and has a regular behaviour in the vicinity of zero for £ + 2 (see A2). It corresponds to the
potential for the (¢ + 2) partial wave

fo 1//5(1y,,,x)dx:| (AL

VEr) = V() - dr |: 2643

It is easy to see that VR(r) behaves as 1 /r? asymptotically.
Let us consider the asymptotlc expressions for v/, and W \». From (A3) and for r — oo

the asymptotic behaviour of W (k, r) is the same as that for v, (k, r), whether C finite or infinite
| Fe (k)|
ft+l

in terms of the Jost function of the potential V (r) for the €-partial wave. By definition, the
asymptotic form of the regular wavefunction ¥ %, is given by

Gy r) - “;(3)' in(kr — (€+2)7/2 + 8, (k) (A13)

Yok, r) —

sin(kr — €m /2 + 8,(k)) (A12)

where the Jost function FX, (k) corresponds to the potential VR, Combining equations (A9),
(A12) and (A13) we have

k2
|Ff (k)] = |Fe(/<)| (Al4)
yP

and
SR, (k) = 8,(k). (A15)

This implies that

2

R _ —i8e(k) _
Fyp(k) = |Fe(k)|k2 e T = Fe(k)m- (A16)

p p
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Appendix B. Solution of the Marchenko equation

The Marchenko equation can be solved using the determinants of the N x N matrix R defined
by

o0
Ry = s + My, / ey (iymOWesay Gy dx - m.j <N. (Bl
r

The Jost solution is then given by fy(k,r) = det(]é)/det(R) where R is the (N+1)x (N+1)
matrix

R’Sm,]‘ZRm,j m,j <N
i\;m,N+l = mei+2N(iymr) m g N
. o0 ' . (B2)
Ry, = / Wepon Ay X)wesan (kx) dx J<N
r
R+ n+1 = weaan (kr).
For large values of r, fy;(k,r) has the behaviour wg.,y(kr) =~ iV exp(ikr).

Remembering that f;(k, r) is a Jost solution for the £-wave, the Jost solution, correctly defined
at infinity is, in fact, (=)" f;(k, r). Therefore,

det(R)
k,r)y= (=) ——. B3
felk,r) = (=) &et(R) (B3)
The regular solution ¥, (k, r) is according to (24) obtained by making the substitution in
the last line of R

iV &k + 2

2k€+1 ol k2

Wesan F> (wesan (—kr) — (=) weson (k7). (B4)

The potential is given in terms of M, related to the C, by (25). Here

)
2 2
Yo =Y 1
My =y =) & (BS)
,,1;[, Vi Cu
The potential V' is then simply
d? 2NN +2¢+1
V(r) = —2—[In(det R)] + ¥ (B6)
dr? r2
For the special case with N = 1 we have
. W2 (iy17)
feliyr,r) =— (B7)

1+ My [7 weo(iyis)? ds

and thus

1 > 2
— '], , dr.
M1 /(; fe(l : r)



2022 M Lassaut et al

References

[1]
[2]
[3]

[4]
[5]
[6]
[7]

[8]

Chadan K and Sabatier P C 1989 Inverse Problems in Quantum Scattering Theory 2nd edn (Berlin: Springer)

Newton R G 1982 Scattering Theory of Waves and Particles 2nd edn (Berlin: Springer)

Agranovich Z S and Marchenko V A 1963 The Inverse Problems of Scattering Theory (New York: Gordon and
Breach)

Swan P 1968 Ann. Phys., NY 48 455

Kurasov P 1998 Inverse Problems 12 295

Kurasov P 1992 Lett. Math. Phys. 25 287

Sukumar C V 1985 J. Phys. A: Math. Gen. 18 L57

Sukumar C V 1985 J. Phys. A: Math. Gen. 18 2917

Sukumar C V 1985 J. Phys. A: Math. Gen. 18 2937

Baye D 1987 Phys. Rev. Lett. 58 2738

Baye D 1993 Phys. Rev. 48 2040



