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Abstract For the Jost-matrix that describes the multi-channel scattering, the momentum dependencies at all
the branching points on the Riemann surface are factorized analytically. The remaining single-valued matrix
functions of the energy are expanded in the power-series near an arbitrary point in the complex energy plane. A
systematic and accurate procedure has been developed for calculating the expansion coefficients. This makes
it possible to obtain an analytic expression for the Jost-matrix (and therefore for the S-matrix) near an arbitrary
point on the Riemann surface (within the domain of its analyticity) and thus to locate the resonant states as
the S-matrix poles. This approach generalizes the standard effective-range expansion that now can be done
not only near the threshold, but practically near an arbitrary point on the Riemann surface of the energy.
Alternatively, The semi-analytic (power-series) expression of the Jost matrix can be used for extracting the
resonance parameters from experimental data. In doing this, the expansion coefficients can be treated as fitting
parameters to reproduce experimental data on the real axis (near a chosen center of expansion E0) and then the
resulting semi-analytic matrix S(E) can be used at the nearby complex energies for locating the resonances.
Similarly to the expansion procedure in the three-dimensional space, we obtain the expansion for the Jost func-
tion describing a quantum system in the space of two dimensions (motion on a plane), where the logarithmic
branching point is present.

1 Introduction

Power-series expansions are used in physics very often. An expansion of this kind that is most frequently used
in quantum scattering theory, is known as the effective-range expansion. For a short-range potential, it reads

k2�+1 cot δ�(k) =
∞∑

n=0

c�nk2n, (1)

where δ�(k) is the scattering phase shift and the right-hand side is a sum of terms proportional to even powers of
the collision momentum k, i.e. to the powers of the energy E ∼ k2. The c�n are energy independent expansion
coefficients.

This expansion was suggested long ago in nuclear physics for the S-wave nucleon-nucleon scattering in
the form
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k cot δ0(k) = −1

a
+ 1

2
r0k2 − Pr3

0 k4 + Qr5
0 k6 + · · · , (2)

where the first two parameters on the right-hand side, namely, a and r0, were called the scattering length and
the effective radius.

The traditional approach has one significant limitation, namely, the effective-range expansion is only appli-
cable near the point k = 0, i.e. when the energy is close to the threshold. Another limitation of the expansion (1)
consists in the fact that it is written for a single-channel problem.

In the present work, we suggest a more general power-series expansions (for the Jost matrix and thus for
S-matrix) which are done not only near the threshold, like

∑
n dn En , but around an arbitrary point E0 on

the complex energy surface, i.e.
∑

n qn(E − E0)
n . We also generalize it for multichannel problems, and for

two-dimensional problems, where the Riemann surface of the energy has logarithmic singularity.

2 Single-Channel Case

In order to make the basic idea clear, let us begin with the simplest single-channel problem for a spherically
symmetric short-range (exponentially decaying) potential,

V (r) −→
r→∞ ∼ e−ηr , η > 0. (3)

At large distances (r → ∞) the radial Schrödinger equation
[
∂2

r + k2 − �(� + 1)

r2

]
u�(k, r) = V (r)u�(k, r) (4)

becomes the Riccati-Bessel equation,
[
∂2

r + k2 − �(� + 1)

r2

]
u�(k, r) � 0, (5)

whose two independent solutions are any pair of the Riccati-Bessel, Riccati-Neumann, and the Riccati-Hankel
functions [1]: j�(kr), y�(kr), h(+)

� (kr), h(−)
� (kr). If we choose the pair h(±)

� then any other solution is their
linear combination, and thus

u�(k, r) −→
r→∞ C1h(−)

� (kr) + C2h(+)
� (kr). (6)

Since the Riccati-Hankel functions describe the incoming and outgoing spherical waves,

h(±)
� (kr) −→|kr |→∞ ∓i exp

(
±ikr + i

�π

2

)
, (7)

the combination coefficients in Eq. (6) are the corresponding amplitudes,

u�(k, r) −→
r→∞ f (in)

� (k)h(−)
� (kr) + f (out)

� (k)h(+)
� (kr). (8)

These amplitudes f (in/out)
� (k) depend on the momentum k and are called the Jost functions. Formally, we

consider them as the functions of complex variable k. Of course the Jost functions f (in)
� (k) and f (out)

� (k) are
not independent from each other. Indeed, the incoming and outgoing spherical waves swap their roles under
complex conjugation as well as when the momentum changes its sign. It is not difficult to show that these
functions have the symmetry properties summarized in Fig. 1, where the dashed lines connect the points at
which the values indicated next to them are identical.

The ratio of the amplitudes of the outgoing and incoming spherical waves,

s�(k) = f (out)
� (k)

f (in)
� (k)

, (9)
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Fig. 1 The Jost functions or their complex conjugate values are equal at the points connected with the dashed lines

Fig. 2 Typical distribution of the spectral points in the complex momentum plane. Each resonance spectral point has a partner
which is symmetric relative to the imaginary axis (open circles)

gives the S-matrix that determines all the scattering observables. The zeros of the Jost function at complex
momenta kn (n = 1, 2, 3, . . . ),

f (in)
� (kn) = 0, (10)

correspond to the spectral points shown in Fig. 2. This simple picture with the Jost function defined on a single
complex plane, is only possible in the case of a single-channel problem. When we have more than one channel,
there are several channel momenta, but still only one total energy. Therefore it is more logical and consistent
to consider (even for the single-channel case) the Jost function as a function of the energy, i.e.

f (in/out)
� (k) → f (in/out)

� (E)

This, however, reveals a complication: f (in/out)
� (E) are not single-valued functions. Indeed, for each value of

the energy, we have two values of the momentum,

k = ±
√

2μE

h̄2 . (11)

Therefore, as a function of E , the Jost function is defined on a Riemann surface. For a single-channel problem
this surface consists of two layers and has one branching point at E = 0. The bound states are represented
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Fig. 3 Typical distribution of bound and resonant states on the Riemann surface of the energy for a single-channel problem

here by zeros of the Jost function on the negative real axis of the physical sheet and resonances by zeros on
the non-physical sheet.

How can we calculate the Jost functions for a given potential? In order to find a method, we look at the
asymptotic behaviour (8) of the radial wave function, which is valid at large distances where the potential is
zero. Let us look for the solution of radial Schrödinger equation in a similar form at all r ,

u�(E, r) = F (in)
� (E, r)h(−)

� (kr) + F (out)
� (E, r)h(+)

� (kr), (12)

where the coefficients of the Riccati-Hankel functions are not constants anymore, but are some unknown func-
tions depending on the radius. Apparently, if we cut off the potential at a point r = R, then these functions
should coincide with the Jost functions,

V (r > R) ≡ 0 ⇒ F (in/out)
� (E, R) = f (in/out)

� (E). (13)

If we do not cut the potential off, then these functions must approach the Jost functions asymptotically at large
distances

lim
r→∞ F (in/out)

� (E, r) = f (in/out)
� (E). (14)

Substituting the ansatz (12) for u�(E, r) into the Schrödinger equation, we obtain (the details can be found in
Refs. [2–13]) the following system of first-order differential equations for the new unknown functions

∂r F (in)
� = − 1

2ik
h(+)

� V
[

F (in)
� h(−)

� + F (out)
� h(+)

�

]
, (15)

∂r F (out)
� = 1

2ik
h(−)

� V
[

F (in)
� h(−)

� + F (out)
� h(+)

�

]
, (16)

with simple boundary conditions at r = 0

F (in)
� (E, 0) = F (out)

� (E, 0) = 1/2, (17)

which follow from the fact that physical wave function is regular at the origin.
Therefore the recipe for calculating the Jost functions is very simple. For a given complex value of the

momentum k, We start at r = 0 with the boundary values (17) and numerically integrate the differential
Eqs. (15, 16) to a sufficiently large distance R where the potential is negligibly small. The values obtained in
such a way should coincide with the Jost functions in accordance with Eq. (14).

If the energy is real, this method works perfectly well. For complex energies, there is one technical com-
plication here. The problem is that according to the asymptotics (7) with complex k = kr ± iκ , one of the
functions h(±)

� (kr) is always divergent at large r ,

h(−)
� (kr) ∼ e±κr , h(+)

� (kr) ∼ e∓κr . (18)
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Fig. 4 The complex path O R′ R for integrating Eqs. (15, 16) with k = |k| exp(−iθ)

As a result, we cannot reach the limits of F (in/out)
� by numerically integrating Eqs. (15, 16) along the real axis.

We can circumvent this difficulty, if make a detour via complex r -plane (O R′ R as is shown in Fig. 4) in such
a way that the product kr remains real on the integration path O R′,

kr = |k|e−iθ · |r |e+iθ ⇒ Im (kr) = 0, (19)

where θ is the polar angle of the complex number k. On the arc R′ R, the potential is zero and thus this segment
can be ignored.

2.1 Factorization of the Branching Dependence

Functions f (in)
� (E) and f (out)

� (E) are double-valued because they involve the dependence on odd powers of
k. To explicitly separate such a dependence, we construct the following linear combinations of the functions
F (in/out)

� (E, r)

A� = F (in)
� + F (out)

� , B� = i
[

F (in)
� − F (out)

�

]
. (20)

The corresponding combinations of Eqs. (15, 16) give an equivalent set of equations,

∂r A� = −1

k
y�V [A� j� − B�y�] , (21)

∂r B� = −1

k
j�V [A� j� − B�y�] , (22)

with the boundary conditions

A�(E, 0) = 1, B�(E, 0) = 0. (23)

Now, we use the fact that the Riccati-Bessel and Riccati-Neumann functions can be represented by absolutely
convergent series,

j�(kr) = k�+1 j̃�(E, r), y�(kr) = k−� ỹ�(E, r), (24)

where we factorized the “tilded” functions

j̃�(E, r) =
(r

2

)�+1 ∞∑

n=0

(−1)n√π

	(� + 3/2 + n)n!
(

kr

2

)2n

, (25)

ỹ�(E, r) =
(

2

r

)� ∞∑

n=0

(−1)n+�+1

	(−� + 1/2 + n)n!
(

kr

2

)2n

(26)

that do not depend on odd powers of k and thus are single-valued holomorphic functions of the energy E .
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Fig. 5 Typical domain D within which the functions ã�(E) and b̃�(E) are holomorphic. The dashed curve shows D for the
rotation angle θ = 0.05π

Introducing the tilded functions

Ã(E, r) = A�(E, r) and B̃(E, r) = k−(2�+1)B�(E, r), (27)

and substituting them in Eqs. (21, 22), we obtain the following differential equations that do not involve any
odd powers of k

∂r Ã� = −ỹ�V
[

Ã� j̃� − B̃� ỹ�

]
, (28)

∂r B̃� = − j̃�V
[

Ã� j̃� − B̃� ỹ�

]
. (29)

At any finite r , all the coefficients of these equations are holomorphic functions of E . The boundary conditions,

Ã�(E, 0) = 1, B̃�(E, 0) = 0, (30)

do not depend on E . According to the Poincaré theorem [14], See also [15], this means that Ã�(E, r) and
B̃�(E, r) are also holomorphic functions of the energy parameter E at any finite r . It can be proved [13] that
for the short-range potentials of the type (3), their limits

ã�(E) = lim
r→∞ Ã�(E, r), b̃�(E) = lim

r→∞ B̃�(E, r) (31)

remain holomorphic within certain domain D along the real energy-axis and this domain can be extended using
complex rotation of the coordinate, as is shown in Fig. 5.

Combining all the definitions, we have

f (in)
� (E) = 1

2

[
ã�(E) − ik2�+1b̃�(E)

]
, (32)

f (out)
� (E) = 1

2

[
ã�(E) + ik2�+1b̃�(E)

]
. (33)

These representations give us the analytic structure of the Jost functions that we were looking for. Indeed, all
the “trouble” with the fact that they are double-valued, is caused by the factor k2�+1 while ã�(E) and b̃�(E)
are “nice” single-valued functions defined in the domain D of a single energy-plane.
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2.2 Power-Series Expansion

Since the functions ã�(E) and b̃�(E) are analytic, they can be expanded in Taylor series,

ã�(E) =
∞∑

n=0

αn(E − E0)
n, b̃�(E) =

∞∑

n=0

βn(E − E0)
n, (34)

near an arbitrary point E0 within the domain D of their analyticity. Apparently, everything what is said about
the functions ã�(E) and b̃�(E), is also valid for the functions Ã�(E, r) and B̃�(E, r) because they have the
same meaning for a potential cut off at the distance r . Therefore

Ã�(E, r) =
∞∑

n=0

An(r)(E − E0)
n, B̃�(E, r) =

∞∑

n=0

Bn(r)(E − E0)
n, (35)

where

αn = lim
r→∞ An(r), βn = lim

r→∞ Bn(r). (36)

The expansion coefficients An(r), Bn(r) can be obtained by substituting the series (35) together with

j̃�(E, r) =
∞∑

n=0

Jn(r)(E − E0)
n, ỹ�(E, r) =

∞∑

n=0

Yn(r)(E − E0)
n (37)

(a procedure for finding the coefficients Jn and Yn is given in Ref. [12]) into the differential Eqs. (28, 29).
Then, equalizing the terms of the same powers of (E − E0), we obtain

∂rAn = −
∑

i+ j+k=n

Yi V (A jJk − B jYk), (38)

∂rBn = −
∑

i+ j+k=n

Ji V (A jJk − B jYk), (39)

with the boundary conditions An(0) = δn0, Bn(0) = 0, n = 0, 1, 2, . . .
Thanks to the condition i + j + k = n, not all equations are coupled to each other,

∂rA0 = −Y0V (A0J0 − B0Y0),

∂rB0 = −J0V (A0J0 − B0Y0),

∂rA1 = −Y1V (A0J0 − B0Y0) − Y0V (A1J0 − B1Y0) − Y0V (A0J1 − B0Y1),

∂rB1 = −J1V (A0J0 − B0Y0) − J0V (A1J0 − B1Y0) − J0V (A0J1 − B0Y1),

etc . . .

Therefore, the procedure of expanding the Jost functions near an arbitrary point E0 consists in solving a finite
number n = 0, 1, 2, . . . , M of equations of this system up to a sufficiently large distance R → ∞ (along the
path shown in Fig. 4). Then the expansion coefficients are αn = An(R), βn = Bn(R). As a result, we obtain
the semi-analytic expressions

f (in/out)
� (E) ≈ 1

2

M∑

n=0

(
αn ∓ ik2�+1βn

)
(E − E0)

n (40)

that are valid around the point E0 (which can be far away from the threshold).
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2.3 Standard Effective-Range Expansion

Standard effective-range expansion (1) is the particular case of our expansion with E0 = 0. In such a case, we
have

f (in/out)
� ≈ 1

2

M∑

n=0

(
αn ∓ ik2�+1βn

)
En . (41)

Since f (in/out)
� = e∓iδ� and thus f (out)

� + f (in)
� = 2 cos δ�, f (out)

� − f (in)
� = 2i sin δ�, we obtain

k2�+1 cot δ� = α0 + α1 E + α2 E2 + · · ·
β0 + β1 E + β2 E2 + · · · = α0

β0
+

(
α1

β0
− α0β1

β2
0

)
E + · · · , (42)

where the quantities αn , βn can be calculated by solving Eqs. (38, 39), as described in Sect. 2.2.

3 Multi-Channel Jost Matrix

Everything that was described in previous sections, can be generalized for the case of an N -channel problem.
We start with the radial Schrödinger equation,

[
∂2

r + k2
n − �n(�n + 1)

r2

]
un(E, r) =

N∑

n′=1

Vnn′(r)un′(E, r), (43)

where the channel momentum kn = ±
√

2μn

h̄2 (E − En) is expressed via the channel reduced mass μn and the

threshold energy En . It is well known (see, for example, Ref. [16]) that Eq. (43) has 2N linearly independent
column-solutions and only half of them are regular at r = 0. Combining the regular columns in a square
matrix, we obtain the fundamental matrix of regular solutions,

�(E, r) =

⎛

⎜⎜⎝

φ11(E, r) φ12(E, r) · · · φ1N (E, r)
φ21(E, r) φ22(E, r) · · · φ2N (E, r)

...
...

...
...

φN1(E, r) φN2(E, r) · · · φN N (E, r)

⎞

⎟⎟⎠ . (44)

Any physical solution is regular and therefore can be written as a linear combination of the columns (44),
⎛

⎜⎜⎝

u1
u2
...

uN

⎞

⎟⎟⎠ = C1

⎛

⎜⎜⎝

φ11
φ21
...

φN1

⎞

⎟⎟⎠ + C2

⎛

⎜⎜⎝

φ12
φ22
...

φN2

⎞

⎟⎟⎠ + · · · + CN

⎛

⎜⎜⎝

φ1N
φ2N

...
φN N

⎞

⎟⎟⎠ , (45)

where the combination coefficients Cn are determined by the boundary conditions. When r → ∞, the potential
vanishes and the equations of the system (43) become the Riccati-Bessel equations. The 2N linearly indepen-
dent column-solutions of this simplified system can be combined in two square matrices,

W (in/out) =

⎛

⎜⎜⎜⎜⎜⎝

h(∓)
�1

(k1r) 0 · · · 0

0 h(∓)
�2

(k2r) · · · 0
...

...
...

...

0 0
... h(∓)

�N
(kN r)

⎞

⎟⎟⎟⎟⎟⎠
, (46)

decribing the incoming (W (in)) and outgoing (W (out)) waves. These 2N columns form a basis in the space of
solutions when r → ∞. Therefore at large distances each column of matrix (44) is a linear combination of
the 2N columns (46). This can be written as

�(E, r) −→
r→∞ W (in)(E, r) f (in)(E) + W (out)(E, r) f (out)(E), (47)
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where the energy-dependent matrices f (in/out)(E) are called Jost matrices. It is not difficult to show that they
determine the S-matrix,

S(E) = f (out)(E)
[

f (in)(E)
]−1

, (48)

and thus give complete description of the underlying physical system. The spectral points E = En (bound

states and resonances) are those where the inverse matrix
[
F (in)(E)

]−1
does not exist, i.e. the points where

det f (in)(En) = 0.
Using the same approach as in the single-channel case, it can be shown (see Ref. [13]) that the elements

of the Jost matrices have the following analytic structure

f (in/out)
mn (E) = k�n+1

n

2k�m+1
m

ãmn(E) ∓ i
k�m

m k�n+1
n

2
b̃mn(E), (49)

where matrix functions ã(E) and b̃(E) are holomorphic. Within their analyticity domain (see the same Fig. 5),
they can be expanded in the power series,

ã(E) =
∞∑

n=0

αn(E − E0)
n, b̃(E) =

∞∑

n=0

βn(E − E0)
n, (50)

where the matrices αn and βn are determined in the same manner as in the single-channel case. Actually, the
corresponding equations formally remain exacly the same as Eqs. (35, 36, 37, 38, 39). The only difference is
that now all the quantities in these equation are matrices.

4 Two-Dimensional Problem

The two-dimension motion of a quantum particle requires special treatment. When the particle is restricted to
move on a plane, its angular momentum �� can only be directed either up or down, i.e. m = ±�. In such a case
the partial-wave analysis (see, for example, Ref. [17]) gives the following radial Schrödinger equation

[
∂2

r + k2 − λ(λ + 1)

r2 − V (r)

]
u�(E, r) = 0, (51)

where λ = � − 1/2. Formally, this equation looks the same as Eq. (4). However, the simple fact that
λ = −1/2, 1/2, 3/2, . . . is half-integer, significantly changes the analytic properties of the Jost functions
f (in/out)
� (E) defined as the amplitudes of the incoming and outgoing circular waves,

u�(E, r) −→
r→∞ f (in)

� (E)h(−)
�−1/2(kr) + f (out)

� (E)h(+)
�−1/2(kr). (52)

The power-series expansions of these circular waves h(±)
λ (z) = jλ(z) ± iyλ(z) obtained from

jλ(kr) = kλ+1
∞∑

n=0

k2nt (λ)
n (r) and yλ(kr) = k−λ

∞∑

n=0

k2ng(λ)
n (r) + h(k) jλ(kr), (53)

involve the logarithmic factor h(k) = (2/π) ln (kρ/2), where ρ is the unit of length. The coefficients of the
series (53) can be obtained using formulae 9.1.2, 9.1.10 and 9.1.11 of Ref. [1].

Following the same method as in Sec. 2.1, we can explicitly factorize the logarithmic dependence of the
Jost functions,

f (in/out)
� (E) = 1

2

{
ã�(E) + k2λ+1[h(k) ∓ i]b̃�(E)

}
, (54)
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where ã�(E) and b̃�(E) are single-valued analytic functions in the domain D that looks like it is shown in
Fig. 5. These functions are determined by the same Eqs. (28, 29, 30, 31) where the holomorphic parts j̃� and
ỹ� of the Riccati functions are defined as

jλ(kr) = kλ+1 j̃�(E, r), yλ(kr) = k−λ ỹλ(E, r) + kλ+1h(k) j̃�(E, r). (55)

Within the domain D, the holomorphic functions ã�(E) and b̃�(E) can be expanded in the Taylor series around
an arbitrary point E0 in the same way as it is done in Sect. 2.2. As a result, we obtain the corresponding
expansions of the Jost functions,

f (in/out)
� (E) = 1

2

∞∑

n=0

{
α(�)

n (E0) + k2λ+1[h(k) ∓ i]β(�)
n (E0)

}
(E − E0)

n . (56)

In the particular case E0 = 0, these series give the two-dimensional effective-range expansion,

k2λ+1 [cot δ�(E) − h(k)] =

∞∑

n=0

α(�)
n (0)En

∞∑

n=0

β(�)
n (0)En

= α
(�)
0

β
(�)
0

[
1 +

(
α

(�)
1

α
(�)
0

− β
(�)
1

β
(�)
0

)
E + · · ·

]
. (57)

5 Conclusion

We consider three- and two-dimensional problems with short-range potentials. In all the cases, we show that
the Jost function (or each element of the Jost matrix) can be written as a sum of terms that involve holomorphic
functions of the energy E and certain functions of the momentum having branching points. For the holomorphic
energy-dependent functions, we obtain a system of differential equations. Then we expand these functions in
the power series around an arbitrary point E0 within certain domain D and obtain differential equations that
determine the expansion coefficients.

The suggested method makes it possible to obtain semi-analytic expressions for the Jost functions around
an arbitrary point on the Riemann surface. The resonant states thus can be located as the S-matrix poles.
Alternatively, if the unknown expansion coefficients are treated as fitting parameters, the scattering data can
be parametrized. Such a parametrization has the correct analytic structure. When the parameters are found by
fitting the data given at real energies, the semi-analytic Jost function can be used to explore the nearby complex
energies in search for possible resonances. In this way the resonance parameters can be extracted directly from
experimental data.
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