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A method is developed for solving the problems of bound, scattering, and resonant states of charge carriers
in semiconductor nanostructures within the effective-mass envelope-function approach. On each interval of the
effective-mass constancy, the Schrédinger equation is replaced by an equivalent system of linear first-order
differential equations whose solutions are used to construct the modified transfer matrix by matching them via
the Ben-Daniel-Duke—Bastard procedure at the points of the effective mass discontinuity. In contrast to the
traditional transfer matrix theory where the potential energy is approximated by a sequence of rectangular
steps, the proposed method is able to deal with an arbitrary potential profile directly and in an exact way, i.e.,
without resorting to the plane-wave approximation at each step. Therefore, the number of factors in the total
transfer matrix is always equal to the number of intervals where the effective mass remains constant, no matter
how complicated the potential profile. After the transfer matrix is obtained, the Jost matrix that totally deter-
mines the interaction properties, can be easily constructed. Zeros of its determinant in the complex energy
plane correspond to bound states and resonances. Within the proposed method there is a natural way of
inclusion of the long-range potential tails that may arise, for example, due to the charge accumulation. The pure
Coulomb tails are taken into account in an exact way, i.e., analytically. An additional feature of the proposed
method is the possibility of calculating not only the total widths of resonances but their partial widths as well.
The effectiveness and accuracy of the method are demonstrated by several numerical examples.
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I. INTRODUCTION The spectral points, i.e., bound states and resonances, are
The artificially grown crystals, known as one-dimensionalth©Se points in the complex energy plane, at which the wave

superlattices, nanostructures, nanodevices, mesoscopic denction has only outgoing waves outside the structure.
vices, and semiconductor heterostructures, are composed bf€S€ Points, therefore, are sought by requesting that the
alternating layers of different semiconductor materials withOt@l transfer matrix transforms an outgoing wave at the right
nanometer thicknessee, for example, Ref)1For the elec- €nd into an outgoing wave at the left end of the structure.
trons and holes moving perpendicularly to the layers, they 1S relatively simple transfer-matrix approach is rather
represent a one-dimensional alternating sequence of potentidfiiversal although it is not suitable in some cases. For ex-

wells and barriers. In principle, the properties of nanodevice@MPI€; itis difficult to use the standard transfer matrix when

can be changed at will by adjusting the chemical composilhe potential has slowly decaying tails outside the physical

tion and thickness of the layers, i.e., by constructing a giverstructure(for instance, when charge is accumulated on the
potential profile, to suit specific applications. surfaces The rectangular discretization is also not satisfac-

Thanks to advances in epitaxial growth technology, it hadC™Y When the potential profile has segments of fast varia-
become possible to make nanodevices with practically angons (near impurities, for instangeor is biased by strong
given potential profile. The problem is how to choose antlectric field (Stark effect. There is a modification of the
optimal profile that would generate the desired spectrum ofnethod that uses the trapezoidal discretization instead of the
bound states and resonances as well as the desired chaf§&tangular oné.The trapezoidal segments can approximate
distribution (wave function profilginside the structure. This 1€ Potential more accurately. However, to achieve high ac-
requires reliable methods for theoretical analysis of the moSuracy, one still has to subdivide the interval in too many
tion of charge carriers through the structure. elements when the potential is not simple.

Several methods for locating the bound states and resq- N Ref. 5 an exact and unified method was developed for
nances generated by one-dimensional potentials have belAding a complete solution of the one-dimensional
developed over the past decadés references and review >chrodinger equation at any complex energy and for an ar-
of the existing methods, see Ref. Practically all of them bitrary p'otentla_l profile. Based on a system'of linear first-
are based on the so-called transfer-matrix approach. In e§rder differential equations that are equivalent to the
sence, this approach consists in the discretization of the ps>chrédinger equation, this method is very efficient and accu-
tential profile by a sequence of thin elements of rectangulafate in locating not only bound states and narrow resonances
shape with constant potential energy. For each of these eléut extremely wide and overlapping resonances as well. It is
ments, the wave function is a superposition of the right andlso able to adequately take into account long-range tails of
left traveling plane waves. The superposition coefficients irthe potential. The only drawback of the method of Ref. 5 is
two adjacent elements are related via the so-called transféhat it was designed for a system with constant effective
matrix constructed to satisfy the continuity condition. Thenmass. In the real-life problems, however, the effective mass
the total transfer-matrix for the whole physical structure is aof the charge carrier&lectrons or holesis different inside
product of the elementary matrices. semiconductor layers with different chemical compositions.
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In the present paper, the method is further developed to ac- rectangular V(z)
commodate it to such problems. approximation
To this end we employ the idea of the transfer matrix \
method but in a different way. The modification proposed in
the present work, enables us to get rid of the rectangular ~
discretization altogether. This is achieved by using general |
solution (i.e., two linearly independent solution®f the \/

Schrddinger equation on each interval of the effective mass
constancy. Then the physical wave function is constructed as £ 1. aAn example of using the rectangular stefsider ap-
a linear combination of these basic solutigimstead of the  proximation in order to adapt a one-dimensional potential for tra-
plane wavepgand the combination coefficients on the adja- gitional transfer matrix method.
cent intervals are related by ax2 matrix which may be
called the modified transfer matrix. The number of the el-
ementary factors in such modified transfer matrix for the
whole system is always equal to the number of intervals o
the effective-mass constancy, no matter how complicated th
potential is on these intervals.

Another advantage of the proposed method is the possi- d? )
bility not only to locate the spectral points but to obtain in E%(E'Z) +kyn(E,2) =0, 2
one run a complete solution of the problem, including the
Jost matrix, Smatrix, and the wave function. Moreover, where the momentum
knowledge of the Jost matrix enables us to calculate the par-
tial widths of a resonance, that determine relative probabili- K2 = %(E—V ) (3)
ties of its decay into the left and right channels. non? n

The effectiveness and accuracy of the suggested approach

are demonstrated by several numerical examples where th determ_lned by the' constant valués of the p'otentlal' and
the effective masg, in the nth element. Two linearly inde-

motion of particles through biased quantum-well semicon- ) .
ductor heterostructures as well as in a potential with infinit%endent solutlonzgthe fundamental SYStem of solutigraf
g. (2) are the right and left traveling plane waves and,

tails is considered. therefore, the physical wave function is a superposition of
them

IIl. STANDARD TRANSFER MATRIX n(E,2) = AE]+)(E)eian+A$1_)(E)e_iknz. (4)

complicated(which is the case practically alwayst is ap-

roximated by a ladder of rectangular stépse an example
n Fig. 1). For each of these rectangular elements, &jJ].
fooks very simple

The standard transfer-matrix method consists of the folop, the border between two adjacent elements the wave func-
lowing steps. First of all, one starts from the envelope-on is continuous,

function approximation, which means that the motion of a
charged particle through a nanostructure is described by the Un(E,Z,) = ¥ne1(E 2, (5)

effective-mass Schrodinger equation and its derivative obeys the so-called Ben-Daniel—Duke—

#2d 1 d Bastard matching condition
S T V@ -E|UE2=0, D
2 dzu(z)dz 1 1
where the effective mags changes with the coordinazeIn M_nl’/l“(E'Z”) B n+1'//“"1(E'Z”)' )

practice, it is assumed thai(z) is a sectionally constant
function. For example, in the structure formed by the se
quence of GaAs and &Ba; _,As layers, the effective mass of
the electron is determined by the aluminum mole fractipn
namely, ©«=0.067m, inside the GaAs layers and=(0.067
+0.08%)m, in the layers containing aluminurgm, is the
free-electron mags Therefore, for each layer, Eql) be- Aﬁf)(E) (1)1(E)
comes an ordinary Schrddinger equation with a constant AD(E) = Qnnea(B) AC) (E))'
mass. But the mass is different for different layers. n n+l

The second important step in the traditional transfer-then the total transfer-matrix for the whole physical struc-

matrix approach is the rectangular discretization. The potengre (approximated byN rectangular elementss a product
tial profile is replaced by a sequence of thin elements off the elementary matrices,

rectangular shape with constant potential energy. In the sim-

plest case, when the system is not biased by an external A AL
electric field and when the space charge is not accumulated A(()—) = Q01912923+ Anne AL
anywhere, these rectangular elements coincide with the N+l
physical layers. If, however, the potential profile is moreThis product is also a 2 2 matrix

By matching the wave function in two adjacent elements
through these two conditions, it is easy to sh@ee, for
example, Ref. Lthat the plane-wave amplitudes of E¢,)

are related via a 2 matrix which is called the transfer
matrix,
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[ConFsP + Coa R3] erives . [CrssaFiRhs + OnaraFih o e
Q0,1Q1,2Q2,3‘ v QN,N+1 = (qll(E) qIZ(E)> W v W

(E)  02AE) [CouFS3) + CogFi] s [CrriaF§he + CrraF ] etibes
that relates the superposition coefficiemﬁ? of the two el- o / i
ements with numbera=0 andn=N+1, situated at the left
and right ends of the line (outside the physical structyre P — -

The spectral points, i.e., bound states and resonances are /- /j

those points of the complex energy surface, at which the ; i efective masacs
wave function has only outgoing waves in the outside re- IS B S S S T ST

gions of the line. From this point of view, the only difference
between the bound and resonant states is that the former are
on the negative real axis while the latter in the fourth quad- F|G. 2. An example of one-dimensional potential of a finite
rant of the unphysical sheet of the Riemdarsurface(see  range outside of whictz< z, andz> zy) the functions=*(E, 2) do

Ref. 5. not change wittz and therefore the physical wave function is re-

As one can easily see, the matching procedure involveguced to the incoming and outgoing plane waves with the ampli-
the momenturrk, and, therefore, all the matrix elements of tudes given in the square brackets, and the asymptotic momenta
Qnn+1 depend on the enerdy. The bound states and reso- 7k, =+2uyE and#ikg=\2un:,E determined by the total enerds:.
nances are zeros ofi;(E) in the complex energy plane. In- The combination coefficient€,; and Cy.,; are related by the
deed, a solution with outgoing waves at both ends of the linemodified transfer matrix which is always a produciiift 1) factors

no matter how complicated(z) is inside each of thal layers of the
( 0 )_ <Q11(E) Q12(E)><Aml) structure.
Ay 0(E) aE)/\ 0 /'
profile is employedsee also Ref. 6 and references thexein
This undoubtedly improves the transfer matrix method, but
t1(E) = 0. t_he problem of d_iscretization persists_. Moreover_ an addi-
tional problem arises, namely, numerical evaluation of the
The zeros of this equation found on the real negative axigiry functions that are the exact solutions of the Schrédinger
correspond to bound states and those in the fourth quadrargquation on the trapezoidal segments. In what follows, a new
to resonances. The above scheme is described, for examptaethod that overcomes these difficulties is suggested.
in Ref. 6 where its efficiency is proved by comparison with
several other methods of solving one-dimensional
Schrddinger equation.

In principle, any reasonable smooth curve can be approxi- In order to get rid of the rectangular discretization, let us
mated by a ladder of short horizontal steps, and therefore, first answer the question why the rectangular steps are
seems that the traditional transfer-matrix approach with it1eeded in the standard transfer-matrix approach. There are
rectangular discretization is able to treat any potential profiletwo reasons for using the ladder approximation: Firstly, to
This, however, is only partially true. In practice, when the easily obtain two linearly independent solutiqmghich sim-
accumulated charge and impurities are taken into accounply are plane waves for the rectangular elememis the
one deals with rapidly varying potentials that can also haveschrédinger equation on each interval of the potential con-
long-range tails outside the physical structure. As a result, istancy, and secondly, to have these solutions in the same
many cases one has to use either too short ladder steps or texplicit form (plane waves agajras the solutions have out-
many of them in order to achieve reasonable accuracy. Oside the interaction region. The second reason is more im-
the other hand, too large number of steps may cause numeportant because having the solutions in the form of plane
cal instabilities. In order to fight them, one has to devisewaves on all the intermediate intervals makes it possible to
special methods such as the recurrence technique of Ref. Yelate the plane waves on the left and right ends of the struc-

Furthermore, when taking into account the space charggire by a 2< 2 matrix via a series of intermediate matchings.
of the current, one has to solve a self-consistent problem by The same can be achieved without the rectangular dis-
iterations® At each new iteration, the potential profile is cretization, if we use the equations proposed in Ref. 5. To
changing and a new discretization pattern might be needednake the basic idea clear, let us first consider a simple case
Moreover, there are cases when the rectangular discretizatiavhen the potential profile describing &layer nanostruc-
does not work at al{see, for example, Ref.)5 ture, has a finite range and is not biased, i.e., is zera<ar,

From the computational point of view, the use of the rect-and z>z, as shown in Fig. 2. Let us also assume that the
angular elements instead of an exact potential is somethingffective mass does not change within each physical layer,
similar to calculating an integral by simple summation of thei.e., betweergz,_; and z,. These simplifications are needed
areas under the corresponding ladder steps. Even the trapnly to avoid cumbersome formulas that may compromise
ezoidal rule is better and there are more accurate Simpsahe clarity. A more general case is considered in the next
and Gaussian methods for evaluating integrals. A more accisection.
rate method for calculating the transfer matrix is needed as The pointszy,zy, ...,z divide the line s <z<+w in
well. In Ref 4 a trapezoidal approximation of the potential N+2 intervals(including two infinite intervals to the left and

N-layer structure

is only possible if

IIl. MODIFIED TRANSFER MATRIX
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to the right of the structupe Each of these intervals is Substituting the ansai®8) into the Schrédinger equation

uniquely identified by the subscript of its right border. There-and using the condition®), we obtain a system of differen-

fore, if formally z ;=-« and z,,=+> thenz,.;<z<z,is tial equations of the first order for the new unknown func-

the nth interval. Using the subscript, we will label wave tions,

functions, effective masses, momenta etc., defined ontthe

interval. _ _ ﬁzFS)(EsZ) =
On each interval of the effective mass constandy)

=pu,=const(in other words, inside each layer of the nano-

structure, the Schrodinger equatigrl) takes the form _ glknz . S
9 ger equalia IF(ED =~ Tk Vo[ F(E,2) + e " (E, 2)],
n

h? d?
(2’““ e + E)zp(E,z) =V(20¥(E,2). (7) (10)
As a differential equation of the second order, it has twowhere Vy(2)=(2u,/A?)V(2). It should be emphasized that
linearly independent solutions that constitute the so-calledhis system is equivalent to the Schrédinger equation
fundamental system of solutions, from which any physicaffom which we started. The subscriptabels its two inde-
solution can be constructed as their linear combination. LePendent solutions on theth interval, i.e., forze [z,1,7,].
us look for these fundamental solutiong,(E,z) and In any vector or functional space the choice of a basis is
#no(E,2), in a special form that is convenient for construct- Not unique. Our basis functions,,(E,2) and ¢;,,(E,2) can
ing physical solutions with given asymptotic behavior. To@lso be chosen in infinite number of ways by specifying the
this end, we can follow the idea of the variation parameterdoundary conditions for them somewhere on the interval
method(see, for example, Ref.)9 [Z1-1,2,]. The pointb, € [z, 1,2,] where such conditions are
In this method, one first finds two independent solutiongmposed does not matter and, therefore, can be chosen to be
of the homogeneous equatigwhen the right hand side of convenient for calculations. Apparently, for numerical calcu-
Eq. (7) is zerd. The general solution of the homogeneouslations, the most convenient point for imposing boundary
equation is their linear combination with some constgpés ~ conditions is one of the borders of the inter{z|_;,z,]. On
rameters Then a solution of the totalnonhomogeneoys the leftmost and rightmost infinite intervals_;,z,] and
equation is sought in the form of the same combination bufzy,zy.1] the most convenient choice df, is obvious,
with the parameters considered as unknown functions of theamely,by=2z, andby,,=2y.
independent variable. Therefore, to guarantee linear independence of the basis
In the case of Eq(7), the plane waves expik,z) with  solutions, we can use the following simple boundary condi-
k,=\2u,E/% can be taken as the two independent solutiongions imposed on them at the right border of the leftmost
of the corresponding homogeneous equation. We, thereforéterval and on the left borders of all the other intervals,

look for ¢,1(E,z) and ¢»(E,2) in the following form ,
¢nl " g ¢nl(E1bn) = Ov d)nl(E'bn) = 11

—iknz

2ik,,

Vo(2[F(E,2) + ek (E,2)],

bu(E,2) = €FH(E,2) + e *?F ) (E,2),
¢n2(Eabn) =1, d)r,lz(Evbn) =0, (1)

— alknze () -iknzpe (<)

® eknbn alknbn
WhefeFﬁ)(E,Z) and FE:‘;)(E,Z) are unknown functions. When FO(E by = P F(Eby) =- ETPR
the potential vanishes, the functioﬁﬁ)(E,Z) become con- n n
stants and therefore the for(8) ensures that our solutions ik by akabn
have correct asymptotic behavior outside the interaction re- FO(E by = € , FOEb)="—, (12
2

gion. Furthermore, this behavior is given analytically which
makes it easy to construct physical solutions with certainhere
asymptotic boundary conditior{isee Ref. &

Since instead of two unknown functiorg,;,j=1, 2, we Z, h=0,
introduce four unknown functionEﬁfj), they cannot be all b, =
independent. We, therefore, can impose two arbitrary condi-
tions that relate them to each other. As such conditions, wé&n each intervak € [z, 1,z,], the physical solution,(E,z)
choose the following two equations is a linear combination of the two basic solutions,

g F(E,2) + e % F(E =0, j=1,2, (9 Yn(E,2) = Crip(E,2) + Crodho(E.2). (14)

z,-1, n>0. (13

which are standard in the variation parameters method an@iherefore, the physical wave function includes 2 pairs of

are called the Lagrange conditions. Equati@@s simply  unknown combination coefficientS,; and C.,. Of course,
mean that the first derivatives af,; can be obtained by not all of them are independent. Indeed, at each ofNhe
differentiation of the exponential factors only. This is used+1 matching points between adjacent intervals, the pairs of
for deriving Eqs.(10) and further down in Eq(17). the constant$C,;,C,,») and(Cp.1 1,Cps1,2) are subject to the

205323-4



MODIFIED TRANSFER MATRIX FOR NANOSTRUCTURES. PHYSICAL REVIEW B 70, 205323(2004)

Ben-Daniel-Duke—Bastard matching conditigbs and (6), hamely,

nl

dn(Ez)  odn2(E ) c
e

DBz i1 AE,Z)
dm(Ez)  ¢o(E zy) ) (Cn+l,1)

b1 i(Eiz0)  bpiiAE.Z)

n2 n+1,2
Mn Mn Mn+1 Mn+1
Similarly to the standard method, we see that they are related by & @atrix,
Cn1> (Cn+1 1)
=M ], 15
(an n,n+1 Cn+1,2 ( )

where

du(Ez)  ba(Ez) \ 7 b aBz) b dEz) | [ duEz) daEz) \ T o
Monir=| dm(Ez0)  Pro(E 2z dr11(EiZ) i AEZ) [ =| d(Ez)  @po(E,z) ( )
Mn Mn Mn+1 Mn+1 Mn HMn
_ (",%:ME,zn) s g (E,7,) )‘1
¢n1(Ean) ¢n2(EvZn)

L 0

Mn+1

(16)

which can be called the modified transfer matrix. As a result K= Mg iMq oMoy 3. My fMinns- (20

of having N+1 relations of the typ€15), we remain with

only one unknown pair of the combination coefficients. ThisThe idea of constructing the physical wave function on each
“free” pair, (Co1, Cop) OF (Cny1,1,Cni1,2), has to be chosen to interval of the effective mass constancy as a linear combina-
satisfy the asymptotic physical boundary conditions at largeion of two independent solutions was used before in Ref. 4.
|z (bound, resonant, or scattering state conditiondile all ~ Formally, the authors of Ref. 4 consider an arbitrary potential
the other coefficients are obtained with the help of the modiprofile and derive for it the so-called propagation matrix in

fied transfer matrice€l6) via the relation(15). the form of a Wick expansion. However, in practical calcu-
The elements of the transfer mat(ix6), involving lations they have to discretize the profile in thin elements and
e (®) () find two independent solutions of the Schrodinger equation
énj(E,z,) = €%F (E, ;) + €7 R (E, Z,) on each of these elements analytically. This of course is only

possible in a limited number of special cases. They consider
two simple cases, namely, rectangular and trapezoidal ele-
/ . ik + _ik - . ments. For the general case, they use the WKB solutions.
$ni(E.20) = iko[€ nZanj)(E,zn)—e nanS‘i)(E’Z”)]’ 1=12, The diﬁerenge of the modifie)él transfer matrix method
(17) from the standard one consists in the fact that we do not
. . . _ discretize the potential profile. As a result the number of
for n>0 can be obtained by numerically solving the differ- ¢5 o in the product20) is always equal to the number of
ential equationg10) from z,., to0 z, with the initial condi-  jysenals where the effective mass has different values, plus
tions (12). The transfer matrix\o,, for the Ieftmost_match.- one, that is to the number of different physical layers in the
ing point is calculated without solving the differential nanostructure plus one, no matter how complicated the po-
equations because for both adjacent intervals the boundagyiia| profile is. To obtain these factors, we only need to
conditions are imposed at the same point. It follows from Eqnumerically solve differential equatiord0) on the corre-

and

(16) that sponding intervals.
o There is another difference: The modified transfer matrix
Mg 1= (;71 ) (18) relates not the amplitudes of the plane waves but the combi-
’ 0 1 nation coefficients that form physical solution out of the two

independent solutions. Although this may look like a com-
The total transfer-matriXxC that relates the combination co- plication, in fact, it is an advantage that enables us to con-
efficients at the left and right hand sides of the physicalstruct the Jost matrices which are very important quantities

structure, of formal scattering theory.
In the multichannel scattering theotgee, for example,
Coa)_ (Cn+1a Ref. 10, the Jost matrices are defined via the asymptotic
=K . (19 ! ; o )
Co 2 Cusi 2 behavior of the general solution of Schrédinger equation.
' ' Every particular solution of aM-channel Schrédinger equa-
is a product of the elementary matrices, tion is a column that consists &f rows each describing the
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motion in one of theN channels. The general solution Aetikrz Be—tr?
®(E,r) is a square matrix MV~ “AVWW
en(Er) @Er) ... en(Er) v
(I)(E,r) - ‘PZl('Eyr) (PZZ(‘Evr) (PZN(.Evr) , A,e_ikLz B,e_l_ikRz
: ‘ ‘ : +~VWWW\ MW\
eni(Er) ona(Eir) oo onn(EST)

that combines all linearly independent columns each repre- FIG. 3. Schematic picture of the scattering process itndB
senting a particular solution. Far away from the interactionbeing amplitudes of the incident anf and B’ of the scattered
region(i.e., whenr — o), in all the columns the wave func- waves in the left and right channels with the channel momknta
tion in each channel is a linear combination of the incomingandkg, respectively.

and outgoing plane waves and, therefore,

D(E,r) — W(r)fiN(E) + )ou(r)flou(E), sponding coefficients at the right end via the modified trans-
r s fer matrix /C,
whereW(r) and W (r) are the diagonal matrices Coj = Kj1Cns11+ KjoCrnr1 2 ] =1,2. (24)
ekt g 0 As was said before, we remain with one pair of “frgeh-
_ 0 e'kr . 0 known) coefficientsCy., ; andCys, » that can be found from
wivew(y =1 . . . : a homogeneous system of linear equati(2®). This system
) ) ) _',k may have nontrivial solutions if and only if its determinant is
0 0 . e zero, i.e., when Eq22) holds with the Jost matrix defined as

of the plane waves with the corresponding channel momenta

ki. The Nx N matricesf(™°U(E), called the Jost matrices, fN(E) = (
consist of the asymptotic combination coefficients. They

completely determine the spectral and scattering properties (25)
of a given multi-channel potential. It can be shown, that th
S matrix is the product

’CllFEH + ’C21(E)Fg% ’C12FE)+,; + Kzf&%)

F§\1_4)-1,1 F§\I_+)-1,2

St should be remembered that dl’s and F's depend on
the energyE. We drop their arguments for the sake of
SE) = feUE)[fIM(E)] L, (21)  notation simplicity. Formally,ng) in Eq. (25) should be
taken at the far left en¢~«) and lej at the far right end
(+) of the line, but they actually do not depend prbe-

4 cause the potential is zero fax z, andz> z.

detf™"(E)=0. (22 For a scattering process schematically presented in Fig. 3,
the S matrix relates the amplitudes andB of the incoming

and the spectral poini®ound and resonant stafese com-
plex rootsE=E,—iI'/2 of the equation

This theory is relevant to the motion of a particle on an ; . . .
infinite line since this motion is inherently a multichannel W2Ves I the left and rlght,chann?ls with the corresponding
problem that has at least two channels involved. These wutgoing wave amplitude&” andB’, viz.
channels are the motion on the left and right halves of the A/ A
line. Formal consideration of a one-dimensional problem as a (B’ ) = 5(8)
two-channel one and a definition of the corresponding Jost
matrices in terms of the asymptotics of the general solutiofComparing the plane-wave amplitudes given in Figs. 2 and
of one-dimensional Schrédinger equation, consistent with th&, we see that
standard three-dimensional multi-channel theory, is given in
the Appendix(see also the discussion in Rej. 5

In order to obtain the Jost matri", using the modified

(26)

Co,lF(()fi + Co,ng% =A,

; i CrnrraFls 1+ Crsr P 2= B
transfer matrix, we recall that the spectral poittsund or N+LITN+1,1 7 2N+L20N+1,27 B
resonant statgsre those points of the complex energy plane © ) — s
at which the wave function has only outgoing waves in the CoaFo,1t CoFo2=A",
asymptotic regions. Therefore, for spectral points, the ampli-
tudes of the incoming waves at the left and right ends of the Cre1aFNtz1+ Cret Pt 2= B (27)

line (see Fig. 2 must be zero,
Co,ng)l(E —®)+ Co,ngt)z(E, -») =0,

Using Eq.(24) and defining the “out” Jost matrix as
’CllF(()_,)l+ ’C21FE)_,; ’Cleg,)l"' Kzf&%)

+ +
F§\|+)1,1 F§\1-21,2

f(out)(E) = (
Cri1 1P 1(E, +9) + Cyup iy oE, +0) =0, (23

In this linear systemf’s are calculated values ar@s are (28)
unknowns. Using Eq(19), the left-end combination coeffi- we can divide the systerf27) of four equations in the fol-
cientsCy ; and Cy , can be expressed in terms of the corre-lowing two pairs
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. C A v(z)
f('n) E ( N+1,l) — ( ) 29
( ) CN+1,2 B ( )

and J/I/(‘
Ve ?

f(out)(E)<CN+1’1> = (2: >' (30) zoi Z1; I M /j:

C:N+1,2

from which Eq.(21) immediately follows. o m ]
Therefore the spectral points can be found from &)

and the scattering parametérmnsmission and reflection co- N-layer structure

efficients that constitute th® matrix as described in the Ap- FIG. 4. An example of biased one-dimensional potential with

pendiy from Eq. (21). This means that the definition5) the tails extending to infinity in both directions. The asymptotic

and(28) of the ‘](.)St matr_lces in terms of _the modified tr‘ijSfervaluesVL andVpy, of the tails are the threshold energies for the left
matrix are consistent with general multichannel theory.

o . and right channels.
Within the proposed scheme, we can obtain a complete

solution of the one-dimensional problem. Indeed, in addition
to the spectral points and the scattering parameters, we al-
ways have the physical wave function as a by-product, which |n the previous section, for the sake of clarity, certain
is constructedfor each intervalas linear combination of the  simplifications were used, namely, it was assumed that the
two independent solutions. The scattering wave function thugotential was of a finite range and not biaged., had the
constructed, is automatically normalized to the incoming fluxsame value on both sides of the strucjutdere these as-
|Al>+[B|°. For example, if we choos&=1 andB=0, the  sumptions are revoked. Let us consider a more general case
wave function will describe the probability density distribu- when on both sides of theline the potential gradually tends
tion for a unit flux falling from the left. The wave function of to its asymptotic value¥, and Vg (see Fig. 4 which are

a bound state should be normalized to 1 in the usual way, i.edifferent threshold energies for the left and right channels.

by calculating the normalization integral over the entire \We assume that the potent)(z) tends to the asymptotic

IV. MODIFIED TRANSFER MATRIX: GENERAL CASE

zline. constants faster thda ™, i.e.,
There is another feature that makes the proposed method
different from the traditional transfer matrix approach. This lim ZV(2) - Vg ]=0. (31

Z—*oo

is a simple and accurate way of calculating not only total
width of a resonance but its partial widths as well. In formal pgssiple Coulombic tails
multi-channel scattering theory, it is showsee the Appen-

dix and Ref. 5 that in a vicinity of an isolated resonance the Q/z, z< z,,
S-matrix has the following form V(z) =10, Zo<z<1z, (32)
[ Iy I Qrlz, 2> 7y,
S(E) = constx [1——,( : - R)], _
E-E +iI/2\\I'gl'L Ty that may be present on one or both sides of the structure due

_ . _ . to the charge accumulation on its surfaces, can always be
where|cons}=1 and the total widtt'=1' +I's is a sum of separated from the short-range pé(z) of the total potential

the partial widths. The ratio of a partial width to the total : ; . .
width gives relative probability that the resonance will decayenergy, by adding and subtracting(z). Therefore, in gen

o N
in a particular channel. This form of th&matrix offers a e;ral tt_he total go:]qual Is the ?UNE]Z)-FX](Z]Z and the
simple way of calculating the partial widths andI' as the elfective-mass schrodinger equation has the form
limits |: ﬁZ d 1 d

L= lm  (E-E+il2S(B), (=LR _Ed_ZEd_zw(z)w(Z)_E]‘b(E’Z):O' (39
E—(E,-il/2)

i i ) Within each interval[z,_1,z,] of the effective-mass con-
In practical calculations, however, this procedure may causgtancy this equation takes a more simple form
numerical instabilities since th&matrix is singular at the '
resonance energy. To avoid this difficulty, we can use the fact d? 2
that the sumI’ of the partial widths is obtained simulta- a2 2~ Vi(2 [W(E,2) = Vy(DY(E,2), (34)
neously with the resonance ener§y when Eg.(22) is

solved. What remains is to find the ratio where by adding and subtracting the threshold en&fgpr
(oube(in) _ ¢(oudglin) Vg, We introduce the channel momentum on tttle interval
ro_ Su(B) | _ | f30 50 - 157 I
I'r E-E-ir2)| SeE) R ~ FH | e i Bk = V2pn(E- VL), 2,<0, (35)
- _ _ V2un(E- V), 2,>0,
where the vanishing denominators ®f and Sz (determi-
nant of the Jost matrjxcancel out. and the renormalized potentials
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(36)

and

Vi(2) = (37
20y -V >0
7 V@ - Vil 7> 0.
According to condition31), the right-hand side of Eq34)
vanishes wherjz| —«, faster than the Coulomb tailS6).

Therefore, far away from the interaction region, E84) is
reduced to

(d_z + kﬁ - 27]_nkn
dZ z
where the Coulomb parametey, for the nth interval is de-
fined in the standard way,

)w(E,z):O, |z| — o0, (39

- #nQn
T

(39)

and, in accordance with E¢32), Qy=0Q, ,Q1=Q,="--=Qy
=0,0Qn:1=Qg- Two independent solutions of E(8) are the
standard Coulomb functiorsee, for example, Ref. 1With
zero angular momentum, namely, the regutg¢z,,k,2) and

irregular Go(7,,k,2) Coulomb functions. These functions are
normalized in such a way that, when the Coulomb parametef n2
is zero, they are reduced to the trigonometric functions,
Fo(0,9)=sin andGy(0,{)=cos{. Their linear combinations

HE (9,0 = Go(m,0) 21 Fo(0,0), (40)

PHYSICAL REVIEW B 70, 205323(2004
bra(E.2) = HY (7, k2 F(E,2) + MG (130, kD FR (E,2).
43
Then, with the Lagrange condition
Ho (0 k2 0F 1 (E.2) + HG (70, ke2) 0F 5 (E,2) = 0,
=1,2, (44)

Eq. (34) is transformed into a system of the first-order equa-
tions

HG (7 k) .
IF(E2) = %vn(z)mg (k2 F(E,2)
n
+ My (70, k2 (E.2)],
) H (70, kn2) . .
IF(ED) == —— TV @[ HE (70, k2 FL(E,2)

2ik,,
+HG (70K 2 (E,2)]. (45)

The boundary conditions defining two pairs of independent
solutions of this system, follow from Eqg&ll)

H (o o) HY (70, ko)
F(+) E — 0 ns “"nn F(_) E —_ 0 s KnBn
nl ( ’ bn) 2|kn ’ nl ( vbn) 2|kn ]
) Hé(_)( 7 Knbr) =) H6(+)( 77, KqDp)
F (E,by) =~ 2i » Fr2(E,bp) = 2 )

(46)

where, as beforeh, is given by Eqg.(13), i.e., is the right
border for the leftmost interval and left border for all the

. . L. i 1(%) — ()
are more convenient for the purpose of using the variation ofther intervals. Her&, = (7, ¢) —,0"§Ho (77; {) and we used
parameters method. Indeed, they are two independent sol§nown value of the WronskiatkyGo—F0Go=1 of the stan-

tions of the homogeneous equati@B) as well, and when

dard Coulombic functions. As can be easily checked, these

7—0 (no chargg they are smoothly transformed into ordi- boundary conditions are transformed ir®) when 7,— 0.

nary plane waves,

HE(m.0) — €.

77—>O

(41)

In the general case whep 0, far away from the interaction
region, functiong40) become the Coulomb-modified plane

waves,
Hgi)(n,é)‘ ? expl+i[{- nIn2f+argl (L +ip)]},
g

(42)

Perhaps it should be emphasized that the Coulomb interac-
tion only needs to be separated from the total potential on the
leftmost(n=0) and rightmos{n=N+1) intervals of the line,

i.e., we can always assume thgt=7,=---=7y=0. Accord-

ing to Eq.(41), this means that fon=1,2,...,N the Cou-
lombic functionngi)(nn,knz) in the system(45) can be re-
placed with the plane waves.

Therefore the procedure of finding physical wave function
(14) on the inner intervals and the elementary transfer matri-
ces(16) is basically the same as was described in Sec. lll.
The only difference here is that the moment(85) and the
potential (37) on the left and right halves of the line, are

that should be used instead of ordinary plane waves whershifted by(generally unequal threshold¥, andVg. In nu-
ever a Coulomb potential is involved because it falls off somerical calculations it is important to remember that when
slowly that the particle feels its influence even when movegaking complex square root in E(B5), we must choose such
far away(see, for example, Ref. 10Therefore, generalizing sign in front of it that imaginary part of the momentum is
Eq. (8), we look for two linearly independent solutions of positive for a closed channel and negative for an open one.

Eq. (34) on the intervakze [z,.1,z,] in the following form

bn(E,2) = HS (0, kD FS(E,2) + HG (10, kn2) FL(E, 2),

This corresponds to the choice between the physical and un-
physical sheets of the Riemarthsurface(see Ref. b and
ensures correct asymptotic behavior of the wave function.
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Imz r not change because the potential vanishes making the right-
hand sides of Eqg45) infinitesimal. In the calculations we,
% , N 0 therefore, can simply ignore these segments assuming that
T T T

As a final note, perhaps it should be mentioned that the
left and right outer intervals can be treated differently. The
rotation angled for them should not necessarily be the same

FIG. 5. Deformed integration path for solving E¢85) with a  as well as the lengths of the inclined line segments. Further-
potential having the tails that extend to infinity, for complex ener-more, the boundary conditions that make the solutions
giesE=Eg—iE, from the resonance domain. ¢n(E,2) and ¢»(E,2) linearly independent on the interval

[z,,Z.+1] can differ from(11). Their choice is certainly not

The total transfer matriXC is not sufficient to construct unique. Any other conditions that guarantee the solution in-
the physical wave function and Jost matrices. What we needependence can be used as well. As can be easily seen, the
else, are the solutionEffj)(E,z) of Egs. (45) on the outer choice of these conditions changes the value&™S{E) and
intervalsz<z, andz>zy. With the potential tails extending f(°4(E). Since, however, the equations definﬁ]ﬁé)(E,z) are
to infinity, these intervals may require a special treatment. |inear and homogeneous, they change in such a way that both

As was shown in Ref. 5, when the bound and scatteringicquire a common factor which cancels out whenShea-
states are considered, the solutions of E4S) always con-  trix and the ratiol', /T are calculated. This factor is similar
verge to the limit value§gfj)(E,—oo) and Fﬁ'ﬂl’j(E, +»). The  to the wave function normalization and does not affect any
resonances require a bit more sophisticated approach. Abbservable quantities.
though these limits always exist, the solutions of Hd%)
for complex energies do not, in general, converge to them V. NUMERICAL EXAMPLES
along thez-line. We can, however, obtain converging results
for the limits Iim‘z‘ﬂfoj)(E,z) if go towards the infinity
along a deformed path ir(1_)the complex coordinate plane. | ive masses are the same on all the segmients,z,]. The
Ref. 5 it was shovx{n th"’ﬁ:nj ,(E’Z) converges if at long 9“5' first test calculations were, therefore, performed for the po-
tances the integration path is such thatdm=0, wherek; i (antials used in Ref. 5 where the Jost function method based
the corresponding asymptotic channel-momentiarek, for - on Egs.(10) was applied to the problems with constant ef-
th(‘f) left and kg=ky., for the right channg| while  fective mass. As was expected, the tests showed that the
Fn (E.2) attains its finite limit along a path with Ihkqz<0.  results did not depend on the the way the potential profile

Therefore, when doing the calculations at complex enerwas divided in segments. All the numbers obtained in Ref. 5,
gies E=E; -IE; in the resonance domain, the convergenceyere reproduced with the modified transfer matrix method to
can be achieved by integrating Eqel5 along the path  the same accuracy and, therefore, are not given in the present
shown in Fig. 5, where the angkshould be chosen large publication once again. Instead, three new examples are con-
enough and positive for obtainin™(E) and negative for sidered. For the first of them, the results of calculations
calculatingf®*(E). Indeed, according to the definitiot®5)  based on the traditional transfer matrix method are available,
and(28), the matrix elements dfi"(E) involve Fffj)(E,z) at and for the last one, the exact solutions are known.
the far left andz(_.)(E,z) at the far right end of the line, while .
for the matrix fP40(E) the situation is just opposite. If the A. Biased AllnAs/GalnAs nanostructure
asymptotic channel-momenta, corresponding to the energy In Ref. 12, a nanostructure consisting of an alter-
E=E;-iE,, arek,=|k/exp(-iw,) then on the inclined seg- nating sequencé4.5 nm-0.8 nm-3.5 nm-3.5 nm-3.0 nm
ments of the path where

' ‘ o vy Rez the pointsz_; andz,,, are shifted taz, andzg, respectively.

The modified transfer matrix method developed in the
receding sections, should work equally well when the effec-

. V(z), mV
—-rexpif) forthe leftmost segment,
_1% p(_ ) ; g (47) ~
zy+rexpif) for the rightmost segment. o [~
we have — g |
1= a o
S 12 o |
K — |k [r sin(0—w) +zysinew ], €=L, °lz |8
mk,z=
¢ +|kgl[r sin(6— wg) —zy Sinwg], ¢=R. 'y E—
[=3
(48) ~ [X)
. . . e 0 \ g
From Eq.(49) it is clear that with positived> w,, we can bias = 10 mV/nm ~

always find such value,, that for allr >r, the above men- . L —
tioned necessary conditions for the convergence of all matrix -123 -78-7 -35 0 3 58 88 (W
elements Oﬁ(in)(E) are fulfilled. Similarly, the convergence FIG. 6. Biased AllnAs/GalnAs nanostructure of Ref. 12. The
conditions forf®(E) can be fulfilled with#=<0. On vertical  effective mass is 0.078,,0.043n,, and 0.0575, inside the barri-
segmentdz 4,z ] and[zg,zy.1] the functionsFﬁfj)(E,z) do ers, wells, and the external regions, respectively.
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TABLE |. Lowest part of the resonance spectrum for an electron moving in the biased AllnAs/GalnAs
nanostructure which is modeled by the potential given in Fig. 6. The results obtained within the APM, PWM,
RCP, and RCD methods are taken from Ref. 12.

E (meV) 7 (P9 I'L (meV) I'r (MeV) Method
263.763 460 796 7 0.505 6378190 0 1.3017463791 this work
263.77 0.51 APM
263.80 0.50 PWM
263.76 0.50 RCHR)
263.78 0.49 RCIM)
263.76 0.50 RCDOQRPM)
297.1658516145 0.659 920 930 2 0 0.997 410 704 7 this work
297.17 0.66 APM
297.15 0.66 PWM
297.17 0.66 RCER)
297.16 0.66 RCIM)
297.17 0.66 RCORRPM)
615.522 237 9750 0.101 359 540 5 6.185 7713587 0.308 064 314 4 this work
615.54 0.10 APM
615.66 0.10 PWM
615.69 0.28 RCER)
615.56 0.11 RCR.)
615.78 0.11 RCIM)
615.54 0.10 RCIEQRPM)
750.812 982 655 7 0.018 247 088 7 3.761 5558407 32.310 620 404 2 this work
750.82 0.02 APM

750.23 0.02 PWM
752.19 0.02 RCHR)
753.86 0.07 RCR.)
755.20 0.02 RCIM)
750.97 0.02 RCOQRPM)
877.687 119644 4 0.004 3232271 9.481 925500 5 142.768 278 403 4 this work
975.916 495 779 6 0.003 087 1809 93.364 682 653 7 119.843 492 4377 this work
1129.138 363 768 8 0.002 625 098 8 23.292 728 993 6 227.445337 1358 this work

-2.8 nm-3.0 nm of AllnAs and GalnAs semiconductor of the corresponding lifetimes=#/I" as was done in Ref.
layers is modeled by a rectangular potential profile. The bari2. The partial widthsl’, and I'g that determine relative
riers of this profile represent the AllnAs layers and all haveprobabilitiesI', /T" andI'g/T" of resonance decaying into the
the height of 510 meV with the effective mags-0.072m,, |eft and right channels, are not given in Ref. 12.

wherem, is the free electron mass. The zero height wells  gjnce there is no rectangular discretization or any other
represent the GalnAs layers wif=0.043m,. The external oo, vimation in our approach, it gives the results whose

thick layers are assumed to be an equal proportion mixture g ccuracy is limited only by the computer round-off's and the
AllnAs and GalnAs and, therefore, have the conduction PO%olerance requested from the routine that numerically solves
tential of 255 meV angw=0.0575m,. The nanostructure is d y

biased by 10 mV/nm. The resulting potential profile is d!ff_ere_ntlal equations. We therefore assume that the corre_zct
shown in Fig. 6. digits in the calculated resonance energies are those which

The lowest part of the resonance spectrum generated HJP N0t change when the same root of E2) is found by the

this potential is given in Table | where our results are comNewton method, starting from different initial points in the
pared with the corresponding resonance parameters obtain8MPplex energy plane. This assumption proved to be correct
in Ref. 12 by different methods, namely, by the argumentvhen we tested our method using potentials with analytically
principle method (APM), the perturbed wave number known solutiong(see example A of Ref. 5 and Sec. V C of
method (PWM), two reflection coefficient phase methods the present papgrAlthough our results are given in Table |
[RCRR) and RCRL)], and two reflection coefficient de- with ten digits after decimal point, actual accuracy of the
nominator method$RCD(M) and QRPM. For the sake of calculations was even higher. As is seen, the rectangular dis-
comparison, total widths of the resonances are given in termgretization used in the standard transfer matrix approach is
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[¥e(2)? . | V(z), mV
+
B o f
incoming wave: S~ H
A=0,B=1 I
AW 1 \

-123 -78-7 -35 0 3 58 88 % (nm)

E{ = 263.7634607967 E© -3 | N N B B EEEES s -—-
1 (=]
ED = 297.1658516145 1 ro
E{ = 6155222379750 | ~ &
E®D) = 280 Ih 10X |9 pn |? bias = 10 mV/nm ~
s

) .
10x [t —;/

LI B FIG. 8. Biased AllnAs/GalnAs nanostructure of Ref. 12, modi-
fied by addition of the Coulombic tail82) on both its sides with
FIG. 7. Electron density distribution in the biased Qr=-Q =500 mV nm.
AllnAs/GalnAs nanostructure of Ref. 12 for four energies of the
plane wave falling from the right with unit amplitude.
decay probabilities between the left and right channels is
not harmless. It limits the accuracy of all the results of Ref.notably different. Very fastexponential growth of the life-
12 to four or even three correct digits. time of the lowest resonance when the stren@hQgr=
Figure 7 shows the probability density distribution inside—Qp of the tails is increased from zero to 500mV-nm, is
the nanostructure for electron plane waves of unit ampshown in Fig. 9. Such dramatic variations of the resonance

litude incoming from the righfA=0 andB=1 in Eq.(26), lifetime even with smallQ, indicate that the Coulomb forces

see also Fig. B with three resonant (E“) arising from the charge accumulation, require an accurate
=263.763 460 796 7 me\Eg):297.165 8516145 me\Egr) treatment. This is especially important for low-lying resonant
=615.522 2379750 meV and one nonresonan(E™  States because they play crucial role in the analysis of the

=280 meV} energies. These curves clearly demonstrate Lransport and optical properties of semiconductor nanostruc-

tendency towards localization when the scattering is resotures. Such treatment could be based on the modified transfer

nant, which becomes more pronounced for narrowMatrix method proposed in this paper.
resonances. In the example considered here, the shape of the Coulom-

bic tails corresponds to a point like charge placed=0.
Any other charge distribution can be treated in a similar
manner. Indeed, if we look at a nanostructure from éfam

Let us modify the potential of the previous example bya distance much greater than its own jiz#etails of the
adding to it the Coulombic tail§32) that begin on the left distribution are not discernible and it generates the same
and right borders of the nanostructure and extend to infinitfCoulombic tails as the pointlike one. Therefore, the potential
in both directions. FoQgr=-Q_ =500 mV nm, the resulting tails arising from the charge accumulation, in general consist
potential is shown in Fig. 8 and several states of the correef the simple Coulombic part€32) which in the proposed
sponding resonance spectrum are given in Table II. method are taken into account analytically via the Coulomb

Comparing Tables | and I, we see that even relativelyfunctions(40), and some non-Coulombic tai{gliminishing
weak tails significantly change the lifetimes of low-lying more fast which can be treated using the complex rotation.
resonances. For the higher resonances, the energies and todal example of a potential with non-Coulombic tails that
widths are shifted only slightly but the distribution of the require complex rotation of the coordinate is given next.

B. Biased AllnAs/GalnAs nanostructure with Coulombic tails

TABLE Il. Coulomb modified resonance spectrum for an electron moving in the biased AllnAs/GalnAs
nanostructure. The corresponding potential is shown in Fig. 8.

E (meV) 7 (P9 T\ (mev) T’k (MeV)

264.614 298 363 1 7953.569 05 0 0.000 082 756 8
297.154 055 2225 2.670024 248 3 0 0.246 519184 4
623.342 644 156 4 0.033580509 9 6.628 723 936 2 12.972 2947130
752.698 224 505 8 0.018 899501 0 0.042 579 506 6 34.784 3822911
874.303 431657 1 0.003 881 2398 1.001 5758679 168.586 574 588 5
977.294 970954 4 0.003575776 4 4,980 729 346 2 179.094 594 044 2
1120.780 848 536 7 0.002 357 343 4 3.011 2311239 276.206 553 615 2
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104 1 1 1 1 V(z)

10%
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10t

lifetime 7, ps

T T T T
0 100 200 300 400 500 -10 -5 0 5 10

, mV- . ,
Q mVonm FIG. 10. The Eckart potentia#9) with A, =10 andA,=50. The
FIG. 9. Lifetime of the lowest resonance in the biased€&nergy and distance are measured in arbitrary units such that

AllnAs/GalnAs nanostructure of Ref.12 as a function of the #“/2u=1.
strength paramet&)=Qgr=-Q, of the Coulombic tail§32) that are

added on both sides of the structure. The energies and widths of the resonances thus found, are
given in Table Il together with the corresponding exact val-
C. Eckart potential ues and the results obtained in Ref. 14 by the method based

on rational representation of the logarithmic derivative of the
eigenfunction. As was expected, the modified transfer matrix
method reproduces the exact values to a very high accuracy.

Proposed long agh, when almost everything was solved
analytically, the Eckart potential

¢ +A ¢ (49)
1+e¢ "P(1+eh? VI. CONCLUSION

V(z) = A

allows an exact solution of the Schrodinger equation in terms A method is developed for solving one-dimensional prob-
of hypergeometric functions. The corresponding spectrum ofems associated with semiconductor nanostructures. The
resonances can also be found analyticédlge, for example, method is based on the earlier proposed first-order differen-
Ref. 14). tial equations that replace the Schroédinger equation. Using
For A;=10 and A,=50 (in arbitrary units such that these equations, it is possible to obtain the system of funda-
#?/2u=1) the potential49) is shown in Fig. 10. In order to mental solutions for each layer of a nanostructure in such
test the modified transfer matrix method, two upper resonarform that the modified transfer matrix can be found without
states of this potential were located. When doing this,zthe the rectangular discretization of the potential profile. In a
line was artificially divided by the pointg=-0.5,2,=0, and  sense, the traditional transfer matrix method can be consid-
2,=0.5 in four segments. Two central segments were treatedred as a particular case of the new approach, for a profile
as layers of a nanostructure and the “outer” intervals extendzonsisting of rectangular steps. Indeed, on each rectangular
ing to z1=—-25 andzz=25 were turned to complex plane as segment the two plane waves constitute the system of funda-
is shown in Fig. 5 withd=0.3x. This value for the rotation mental solutions of the Schrédinger equation.
angle was chosen in order to “open up” wide enough area of The Jost and matrices can be easily constructed within
the unphysical sheet of the Riemann energy-surface by turrthe proposed method and possible bound and resonant states
ing down the corresponding unitary oiihe theory is given can be found as zeros of the Jost matrix determinant in the
in Ref. 5. The left and right “infinities,”z_; and z;, were  complex energy plane. An important feature of the new
moved away from the origin until the convergence wasmethod is the possibility of calculating not only total widths
reached. of resonances but their partial widths as well. These partial

TABLE lll. Two upper states of the resonance spectrum generated by the Eckart potential shown in Fig.
10. The energy is in arbitrary units such th&t2u=1.

E r I I'r Method
17.870 000 000 3.385 616 635 2.027 706 9 1.357 909 7 this work
17.869 999 998 3.385 616 628 Ref. 14
17.870 000 000 3.385 616 636 exact solution
17.314 164 201 10.188 777 872 7.669 590 5 2.519187 3 this work
17.314 166 720 10.188 772 420 Ref. 14
17.314 164 201 10.188 777 876 exact solution
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widths are different for nonsymmetric potentials and deter- w(r) £=R
mine relative probabilities of decaying of the resonances into
the left and right channels as well as the probabilities of
capture of the particle into a resonant state when it ap-
proaches the interaction region from the left or the right. — T .
Within the proposed method there is a natural way of \/ %= —00
inclusion of the long-range potential tails that may arise, for |
example, due to the charge accumulation. The pure Coulomb
tails are taken into account in an exact way, i.e., analytically. FIG. 11. Mapping of the “double-infinite” linez e (=%, +)
The numerical examples given in this paper, demonstrat@nto a positive lingr e [0, +e) with the potentiale (r) andvg(r)
that the modified transfer matrix method is efficient, accu-acting in the left and right channels.
rate, and takes into account long-range potential tails cor-
rectly. the corresponding potentia}(r) with the corresponding col-
In summary, there are three main features that make thision energyE-V,. This is exactly what we have when deal
proposed method unchallenged at present, namely, gettingith three-dimensional multichannel systems. For example,
rid of the rectangular discretization, partial width calculation,the dynamic variable (the distancecharacterizing motion

1
'
- 7= +00

and analytical treatment of the Coulomb tails. of an electron that collides with an atom, is the same no
matter which state the atom was excited to, but the electron-
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the National Research Foundation of South Afri@éRF  {ransits to another channel. In the picture with single variable

Grant No. 206742)lis greatly appreciated. r this means that it moves backwagstattereylin another
channel. IfV| # Vg, the particle looses or gains the amount
APPENDIX A: ONE-DIMENSIONAL SCATTERING AE=|V_ —Vgl of energy. This means that such a transition
REVISITED can formally be considered as an excitation deexcitation

) . . of some internal degrees of freedom of the systéme tar-
Practically all textbooks on quantum mechanics CO”S'debet) with the excitation energ\E. We are not interested in

one-dimensional problems as simplified examples of quange physical nature of these degrees of freedom and just for

tum systems. As a result, most of us have a perception thage sake of formal derivations introduce the “internal Hamil-
one-dimensional problems are just simple “quantum toys’

] ¢ X - i ) tonian” h associated with them and having two eigenstates

having no relation to reality. This, however, is wrong. Firstly,
many practical problems of modern semiconductor technol- hixe) =Velxe), €=LR, (A3)
ogy, in fact, are reduced to the one-dimensional scattering ]
problems. And, secondly, these problems are not simple aghich are orthonormal, i.e..(x¢|x¢) =8¢ Therefore
may seem. Suffice it to say that they are inherently two{x¢)(x| is the operator projecting onto the chanfiend the
channel problemgotherwise the corresponding§ matrix ~ Hamiltonian of the whole system can be split in the three
could not be a X 2 matrix). terms

The two channels involved are the motion on the left and
right halves of the line. The left and right channels are

opened at the corresponding threshold ener§fiesind Vr  \whereH, describes the free motion of the projectile with the

(see_Fig. 4. Elastic scattering, i.e., pure reflection, is only_ effective masss,(r) along ther axis in the channels andR,
possible when one of the channels is closed. The transmig

sion is the inelastic process of the transition- R between
the channels. - o gy == 2 d | ot | beXxd
In order to make things similar to the three-dimensional (r[Holp) = 2d
1 13 1 + H ” 1 r ML(r) MR(r)
multichannel theory, let us replace the “double-infinite” axis
ze (-, +0) with the positive axisr € [0, +x), defined as and the operatos is the potential
r=|z, and introduce two different potentials

H=Hy+v +h, (A4)

d
]a@ﬁ(r), (A5)

v = o Xl + vrlXR xR (AB)
v (r)=V(=r -V, (A1) _ , ,
g with v, andvg being operators in the-space, such that
an
= , {=L,R. A7
o) =V 1) = Vi a2) (rlod) = vr)yir) (A7)

As is usual in multi-channel theories, let us look for solution

acting in theL andR channels, respectively. The introduction of the Schrédinger equation

of r can be visualized as folding of the left half mf plane
around vertical axis as shown in Fig. 11. When moving from H|W) = E|W) (A8)
r=c towardsr=0, a particle moves frora=+o depending

on the channel which it is in, and therefore passes througn the form of expansion over the target states, i.e.,
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[P = [xOl ) + xR - (A9)  longing to the same column, must matchra0. Indeed, on
o the lineze (-, +) they are, in fact, continuations of one
Then, multiplying Eq.(A8) from the left by<r|<X€|, we 0b- another. In other words, there is one common boundary con-
tain Schrddinger equation for wave function of the projectileition atr=0 for the upper and lower elements of each col-
in the channef, umn. By the way, this same matching is the only reason why

d the L and R channels are coupled to each other since the

BEYTCYT ve(r) + Ve] Pe(E,r) = Eg(E,r). potential(A15) is diagonal.
r we(r)dr : g .
Combined in a square matrix,
(A10)

E,r E,r E,r E.r
With the definitiong A1) and(A2) of the channel potentials, (l/,L( )) ® (l/’L( )) O (dle( ) B0 )
it is easy to see that this equation is equivalent to the initial  \YREN /1 \YREN /2 \dr(ET) draEsT)

Schrédinger equatiofil) on the lineze (-, +x). = d(E,r), (A16)

Combining the channel wave functions in a column )
these independent columns form the so-called fundamental

WE.T) = (iﬂL(EJ)) (A11) solution matrixd(E,r) such that any particular solution is a
’ Ur(E,r) /)’ linear combination of its columns.
. . . Whenr—oo, all four elements of matriXA16) behave
we can rewrite EQ(A10) in the matrix form like linear combinations of the incoming and outgoing waves
in the corresponding channels. If neitherwfr) has long-

42 d ., d _ !
[EE[M(”] dr +g} WEN =VIUED, (Al2) range Coulombic tail, all these wavi,"°""(r) are plane,

ie.,
where . )
w() 0 W(r) = ek, (A17)
M(r) =< 0 (r)), (A13)
MR VV%OUI)(I’) — e+ik€r, (A18)
E-V 0
£= ( L ) (A14) where
0 E-Vg e
oe]
and k= =2 (E= Vo), (AL9)
v(r) 0 . . .
V(r) = o ") (A15) is the asymptotic momentum in the chandellf the long-
UR

range tails are present, the plane waves should be replaced
Matrix differential equations of the second order usuallyWith the Coulombic waves(»,kr)+iFo(7,kr) constructed
have N linearly independent column solutions if the length of the standard regulafF, and irregularG, Coulombic wave

of the column isN. This is because for each element of afunctions, similarly to what was suggested in Ref. 15 for
column, one can choose two differehat guarantee inde- three-dimensional problems. In order to make further deriva-
pendence of the solutiopboundary conditions. Although in tions general, we use the notatimﬂ”/"“t) instead of the ex-
our caseN=2, we can have only two independent solutionsplicit exponential functiongA17) and(A18). The asymptotic

of Eqg. (A12). The reason is thag, (E,r) and yr(E,r) be-  behavior of®(E,r) has, therefore, the following form

<I>(E,r) —

r—oo

(Yoot et W o) (r20)

WED(OCH + WP TR W (1O + W () it

where C"*" are some energy-dependent constants. Introwe can split the matrix(A20) in the following two
ducing the matricesA™(r) and W©U(r) of the incoming terms
and outgoing waves,

D(E,r) — WV FI(E) + WU (r)fOUOE), (A22)

r—o

VV(Linlout) (I’) 0

0 VV(Rin/OUt)(r) ) ’ (A21)

W(in/out)(r) - < '
where f(oU(E) are the Jost matrices defined as follows
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. C(in/out) C(in/out) A’ A+ B
f(ln/out)(E) = ( I(_ii/out) I(_iﬁlout) . (A23) iy — SllA SlzB , (A32)
Cri Cro SHA+ S

The boundary conditions defining bound state and resonansie see that th& matrix consists of these transmission and
solutions should be imposedrat- = in such a way that there reflection amplitudes, namely,

is no incoming waves. Since a physical solution

YPYS(E,r) is a linear combination of the columns of the SE) = (R‘-(E)’TR(E)) (A33)
fundamental solution, TL(BE),Re(E)

c It should be noted, however, that in general the en&dy
YPYS(E,r) = (D(E,r)( l>, (A24)  complex and only for real energies the quantifsand T,
C2 have the simple physical meaning Hfis real, one can prove
this can be achieved by finding such combination coeffithe following relations between the(aee, for example, Ref.
cientsc, andc, that the first term of the asymptoti¢d22)  16). When the interaction is time-reversal invariant the left

does not contribute to the asymptotics®™3(E,r), i.e., and right transmission amplitudes are eqiiak Tg. Further-
more, in this case, the left and right reflection coefficients
f(in)(E)<C1) _0 (A25) ~ coincide as well|R |?=|Rgl?, which follows from the fact
Cy ' that the total current is conserving, i.€,[>+|R|?=1.

At the energy points corresponding to bound states, and at
complex energies in the resonance regifourth quadrant
det fi"(E) = 0. (A26)  of the E plane the elements of th& matrix have special
properties as well. Firstly, bearing in mind Eq&26) and

A scattering state is also a linear combination of the typga31), we see that at every bound state and resonance point
(A24) but with different boundary conditions at largelf A

which is possible if and only if

and A’ are the amplitudes of the incoming and scattered E -E —iE (A34)
(reflected waves in thel channel, andB andB’ the corre- resT = o
sponding amplitudes in the chann] then the scattering i ] .
boundary condition reads tEhe ?hmatrlx has a pole. Secondly, if the energy is close to
in) out) ’ res tNEN
YPYS(E r) — (\M_in)(r)A-'—Mom)(r)A ) (A27) T
e \WY(1)B + WS™(r)B’ S(E) ~ constx [1-———“ | (A35)
= E-E +il/2

res

Substituting the asymptotigg\20) of the fundamental solu- _ .
tion into Eq.(A24) and comparing it with the boundary con- WhereI', and I'g are the partial widths such that together

dition (A27), we see that they form the total width
A . c I'=T_+T%, (A36)
( ) = f<'“>(E)< 1) (A28) -
B C2 of the resonance, and the ratibs/I" andI'g/1" are the prob-
and abilities that the resonance will decay irtwr can be excited
from) the L and R channels, respectivelisee, for example,
A’ c Ref. 5. From Eq.(A35) it is clear that
( ) = f<°“‘>(E>< 1), (A29) ) A
° 5 jim | 2B T (A37)
which implies that the amplitudes of the incident and scat- E-Eel AR | T
tered waves are related by &2 matri
wav y IX Therefore, the partial widths can be found with the help of
AT\ A Eqgs.(A36) and(A37), if I" is known and there is a procedure
B )~ S(E) B/ (A30)  for the Smatrix calculation at complex energies.
_ . A straightforward procedure for finding the elements of
This S matrix the Jost matrice$A23) and, therefore, of thé& matrix is
S(E) = fOU(E)[fIN(E)] L, (A31) proposed in Sec. Ill. The idea is based on the special form

(8) which we use to find two independent solutions of the
does not depend on the choicefoindB. We, therefore, can  Schradinger equation. Indeed, comparing E§sand(A22),

clarify the physical meaning of its matrix elements by con-we see that it must be certain relation betw@it-((' ’g)”}) and
sidering special cases with simple choicesfofand B as () . L
follows. If the wave is incident from the left, i.eA# 0 and .F“J' (E.2) which become constants at lange|Z]. As is shown
B=0, thenR =A’/A andT =B’/A are the left reflection and in Sec. lll, we can choose

transmission amplitudes, respectively. SimilarlyA#0 and anlout) = F(N_ﬁ)'(E +), (A38)
B#0 thenRz=B'/B and Tg=A'/B are the right reflection , . !

and transmission amplitudes. Substitutihg0 or B=0 into  and ObtainCE?lout) from FE,Y/_)(E,—OC) with the help of the

the equation modified transfer matrix.
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