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Triple e~pn collisions
and primordial formation
of deuterons

L.M. Lekala™, S.A. Rakityansky® and D.E. Monakhov"

The electron-catalysed nonradiative fusion of the proton and
neutron, e” + p + n — d + €7, is discussed within the framework
of the primordial nucleosynthesis of light nuclei. Comparing the
reaction rate of this three-particle process and that of its radiative
counterpartreaction p + n— d + Y, we show that the triple-collision
plays a less significant role in the formation of deuterons at the
plasma temperatures investigated.

Introduction

The theory of Big Bang nucleosynthesis is one of the most
important parts of modern cosmology. By relating the abun-
dances of light elements in the contemporary universe to the
processes which took place during the first few minutes after the
Big Bang, a theory of primordial nucleosynthesis enables astro-
physicists to investigate various assumptions about physical
conditions prevailing at that time." In particular, primordial pro-
duction of deuterium is very sensitive to the baryon density and
therefore predictions and measurements of deuterium abun-
dance can be used to infer the density of baryonsin the early uni-
verse. Besides this, the importance of studying primordial
processes of deuterium formation follows from the fact that they
represent the so-called ‘bottleneck’ for synthesis of all other
elements.

The standard model of Big Bang nucleosynthesis is able to
account for many (although not all) conditions of the primordial
plasma, the remaining discrepancies may be attributed either to
wrong assumptions about these conditions, or to the inadequacy
of the model itself. It is therefore important to scrutinize all the
simplifications and approximations of the model before drawing
conclusions. In this paper, we are concerned with one such
simplifications, namely, the omission of triple collisions in the
processes of deuteron formation.

In the standard model,*itis assumed that the formation of light
nuclei mainly occurs through the pp-chain, which begins with
the synthesis of deuterons in the processes

ptp — d+e’ +ure, (1)

p+e +p — d+re (2)
involving strong and weak forces, and in the strong-electro-
magnetic reaction

n+p—d+-7. (3)

The next step is the radiative capture of protons by deuterons

p+d— He+ 7.

Then, the nucleosynthesis is assumed to continue via various
two-body reactions such as

3He+ 3He — “‘He+p+p,

3He + ‘He — "Be+~.

Except for the so-called pep reaction (2), three-body collisions
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are omitted in the standard model. This is done on the grounds
that they are less frequent. It is known, however, that in
three-body collisions there are more ways to satisfy the conser-
vation laws (such as conservation of parity, angular momentum,
and isospin) than in the two-body processes. As a result,
three-body collisions are less restricted by various selection rules
and therefore might make a noticeable contribution to the net
production of certain nuclei, when both two- and three-body
initial states lead to the same final product. This kinematical
difference between two- and three-body initial states means that
some binary nuclear reactions suppressed by conservation laws
can be eased due to the presence of a third particle.

To shed some light on the role played by triple collisions in the
primordial formation of light nuclei, explicit calculations of
three-body nuclear reactions are needed. Several articles on this
matter have been published in recent years.” In the present
paper, we compare the rates of the three-body non-radiative
process

e +n+p—d+e (5)
and the corresponding two-body reaction (3), which is included
in the standard model of Big Bang nucleosynthesis.

Reaction rate

According to the standard model,’ the primordial formation of
nuclei started in ~107 seconds after the Big Bang, with an
average energy per particle of ~10 MeV and the matter density
~10° g/cm’. Big Bang nucleosynthesis lasted about 100 seconds
until the temperature dropped to ~0.1 MeV and the density to
~10 g/em’. In the early stages, the primordial plasma was
totally ionized, which means that the electrons were not associ-
ated with specific nuclei and can be considered as moving in
continuum states, i.e. freely among the nuclei. Because of the
high density, the average distances between the particles were
small and the nuclei were closely surrounded by electrons.
When two nucleons collided, there was always an electron
nearby. The triple-collision processes (5), may therefore have
made anoticeable contribution to the formation of deuterons. To
assess this contribution, we need to calculate the average reac-
tion rate for all possible reactions (5), starting from different ini-
tial states characterized by different momenta of colliding
particles.

Let ¥, be the wave function of the relative motion of the
pn—pair with momentum p and let k be the momentum of the
electron with respect to this pair. Let # represent a set of the
discrete quantum numbers characterizing the spin-isospin state
of the three particles. Then, for the three-body collision process
(5) with the initial and final energies E; and E;, the reaction rate
per unit volume per second is defined by’

R3(p7 ks n — klv nl) = (6)
1
477_[_25(Ef - EL) }<\de7 k/7 77/|T‘\ij7 k7 77> }2 npnnnea
where the states in the continuum are normalized as
(Wp, K [Wp, k) = (2m)°6(K — k)5(p' — p),

T is the transition operator, U, is the wave function of deuteron,
and 1y, 1, and n. represent the corresponding particle densities.
Itis a standard assumption’ that in primordial plasma at temper-
ature 6, the momenta p and k were distributed according to
Maxwell’s law

2
_ —3/2 b
Np(6) (2m k) exp ( 211/49)’
—3/2 k?
Ne(8) = (2mmkb) exp <_2m59>"
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where Np(f) and Nk(f) are the probability densities, i is the
proton—neutron reduced mass, m is the electron mass, and « is
the Boltzmann constant. We are concerned with the total rate of
the transition from an initial state with any (p, k, #) to a final state
with all possible k', 7. Thus the reaction rate (6) must be aver-
aged over the initial quantum numbers p, k, 7 and integrated
over the final quantum numbers k’,". The averaging over p and
k is achieved by summing-up the R; for all possible values of
these momenta with the weight factors Np(6) and Nk(f) corre-
sponding to their probabilities, i.e.

1
Ra)o= ;Y- [ [ [ dpdicaid Ra(p. ke, — ")
" K1) Np (6)Ni(0),

where M is the number of possible (initial) spin-isospin states.

Similarly to two-body reaction theory where the average
reaction rate (R,), is written as a product of (ov), (which s called
the reaction rate per particle pair) and the particle densities,”

(Ra2)o = ning{ov)g ,
the three-body reaction rate (R3)s can also be factorized in the
same manner,

(Ra)e = npnapne(X)g- (8)
Indeed, according to (6) and (7)

1 .
o = % / // dpdkdk' §(E; — E;) x (9)

(W, K| T W5, K, 7)[* Np (0) Nic(6).

Transition amplitude

The motion of the nucleons is slow compared to that of the
electron and thus can be treated adiabatically. Moreover, for the
electron to participate in the three-body reaction (5), the two
heavy particles (nucleons) must be close to each other when the
electron arrives. Therefore, the transition from the initial to the
final state can be viewed as the following two-step process

Von Vpe
Ip.k) == [V, k) == [Vg, K),

where V,, and V. are the proton-neutron and proton-electron
potentials. Therefore, instead of the transition

Vont Ve
Ip.k) =" ¥y, k)

caused by both V,; and Ve, in the adiabatic approximation, we
may consider the transition

W, k) 225 [0, ),

where the interaction V}, is already taken into account by using
the scattering state ¥}, instead of the plane wave |p).

The adiabatic approximation also means that the transition
operator T in Equation (6) can be replaced by the fixed scatterer
T-matrix defined as

T() = Voo + Voo = T2) (10)
zZ — h()

where z is the total energy and hy is the kinetic energy operator

associated with the momentum k of the electron.

As is customary in this kind of calculation,’ the Coulomb inter-
action between the proton and the electron can be treated
perturbatively, which leads to the following series expansion for
the transition operator

- 1 1 1
T - e e 5 Vpe e 75 Vpe 7 Vpe .
()= Vie + Voo Voo + Vo — g Voo s Vot (1)
For typical densities of the primordial plasma, the average
potential energy (V,,) is 10 eV, whereas the kinetic energy of the

electrons is three orders of magnitude higher. This means that
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the series (11) should converge very fast and we can thus retain
only the Born term. In other words,

T = Vpe.

Therefore, instead of (9), we have

1 :
(X)e mz/// dpdkdk' §(Ef — E;) x
'’

‘<\I/d7 kl7 71l|Vpa|‘1/p7 ka 7/>|2 NP(G)Nk(€)7

(12)

which is the final formula used in our calculations. To calculate
Up and V¥, entering this integral, we numerically solved the
corresponding Schrédinger equation with the S-wave Malfliet-
Tjon NN potential® using the Jost function method.” Then the
multidimensional integral (12) was evaluated using the
Simpson’s % Rule.'

Results and conclusions
For the sake of comparison, we considered the reaction rates

(Ra)g = npny(ov)g
and
(R3)o = npnpne(X)y

forboth the two-body and three-body processes (3) and (5) in the
same region of the plasma temperature. Radiative capture
described by (3) has been studied for many decades and its
theory can be found in textbooks on nuclear physics. To calculate
{ov)s, we used the formulae given in one of them.!!

Once (ov), and (}’), are calculated, the relative contribution of
the triple non-radiative capture to the formation of deuterons
can be estimated by calculating the ratio

(Rs)o _ (X)o
(R2)o  (ov)e

in which the (poorly known) densities 7, and n, are cancelled
out.

Equation (13) shows that the contribution of the reaction (5) is
proportional to the density of electrons. This density consists of
two parts, the first being the density of ‘background’ electrons
(one per proton) and the second the density of electrons
emerging from numerous electron positron pairs continuously
produced by strong electromagnetic radiation. The second part,
corresponding to the ‘pair” electrons, is known to be dominant
under the primordial nucleosynthesis conditions.”” For this
reason, we used the temperature-dependent n,”

1 /me\®/ 0 9
Ne = ﬁ <?) (m) KQ(m/C /9)7

which describes the density of the ‘pair” electrons. The modified
Bessel function K> in this equation makes this density extremely
high at the very beginning of the nucleosynthesis, but it expo-
nentially vanishes when the plasma cools down. This means
that the three-body processes (5) might give a noticeable contri-
bution to the production of deuterons atleast at high values of 6.

The results of our calculations for various plasma temperatures
are given in Table 1. It is seen that, unlike in the case of other
three-body fusion reactions,*® the triple collisions (5) play a
minor role compared to that of binary reactions (3). This find-
ing can be attributed mainly to the fact that the np system, unlike
the other systems considered, has no Coulomb repulsion.
Indeed, all the three-body reactions considered earlier (such as
e~ + *He + ‘He — e~ + "Be in ref. 6) involve positively charged
nuclei. The presence of the electron in close vicinity to the nuclei
reduces the repulsion between them and thus facilitates fusion.
This, of course, has no effect on the np system.

ne, (13)

(14)
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Table 1. Temperature dependence of ratio of the triple to binary reaction rates for  One of us (D.E.M.) gratefully acknowledges financial support from the University
the processes leading to formation of deuterons in primordial plasma. of South Africa and the Joint Institute for Nuclear Research (Dubna).
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